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Abstract: 

We attack the long-standing problem of finding the AdS dual of N = 2 superconformal QCD, 
the M = 2 super Yang Mills theory with gauge group SU(N C ) and Nf = 2N C fundamental 
hyper multiplets. The theory admits a Veneziano expansion of large iV c and large Nf, with 
Nf/N c and A = g\ M N c kept fixed. The topological structure of large iV diagrams motivates 
a general conjecture: the flavor-singlet sector of a gauge theory in the Veneziano limit is dual 
to a closed string theory; single closed string states correspond to "generalized single-trace" 
operators, where adjoint letters and flavor-contracted fundamental/antifundamental pairs are 
stringed together in a closed chain. We look for the string dual of J\f = 2 superconformal 
QCD from two fronts. From the bottom-up, we perform a systematic analysis of the protected 
spectrum using superconformal representation theory. We also evaluate the one-loop dilation 
operator in the scalar sector, finding a novel spin chain. From the top-down, we consider the 
decoupling limit of known brane constructions. In both approaches, more insight is gained 
by viewing the theory as the degenerate limit of the N = 2 Z2 orbifold of N = 4 SYM, as one 
of the two gauge couplings is tuned to zero. A consistent picture emerges. We conclude that 
the string dual is a sub-critical background with seven "geometric" dimensions, containing 
both an A0IS5 and an S 1 factor. The supergravity approximation is never entirely valid, even 
for large A, indeed the field theory has an exponential degeneracy of exactly protected states 
with higher spin, which must be dual to a sector of light string states. 



* Email: 
+ Email: 

* Email: 



abhijit.gadde@stonybrook.edu 

elli.pomoni@stonybrook.edu 

leonardo.rastelli@stonybrook.edu 



Contents 



Motivation 
|2l. The Veneziano Limit and Dual Strings 



2.1 A general conjecture 



2.2 Outline of the paper 



2.3 Relation to previous work 



|||. Field Theory Lagrangian and Symmetries 



3.1 AA = 2SCQCD 1C 



3.2 Z2 orbifold of N = 4 and interpolating family of SCFTs 1C 



Protected Spectrum of the Interpolating Theory |15 



4.1 Protected Spectrum at the Orbifold Point 16 



4. 1 . l| Untwisted sector |16 

4.1.2 Twisted sector 17 

From the orbifold point to N = 2 SCQCD [|J 

Summary 2C 

§. Extra Protected Operators of M = 2 SCQCD from the Index |l 



5.1 Review of the Superconformal Index 21 



5.2 Equivalence Classes of Short Multiplets 22 



BT3] The Index of the Interpolating Theory 25 



5.4 The Index of M = 2 SCQCD and the Extra States 28 



5.5 Sieve Algorithm 3C 



^. Dual Interpretation of the Protected Spectrum 31 
|6.1| KK interpretation of the orbifold protected specrum 31 



6.2 Interpretation for N = 2 SCQCD? 32 



0. Brane Constructions and Non-Critical Strings 34 
|7.1| Brane Constructions 34 



7.2 From Hanany-Witten to a Non-Critical Background 36 



Towards the String Dual of M = 2 SCQCD |39 



.1 Symmetries 39 



- 1 - 



8.2 The cigar background and Id maximal 50(4)-gauged supergravity 
8~^ An Ansatz 



8.4 Spectrum 



|. Di 



iscussion 



[Sj. Shortening Conditions of the N =2 Superconformal Algebra 

|b|. N = 1 Chiral Ring 

|C|. The Index of Some Short multiplets 
|C.1| £Wo,o) multiplet 



C.2 Bi multiplet 



C.3 C (o,o) multiplet 



C.4| Q(q,q) multiplet, £ > 1 
C.5I The Itwist of the orbifold and I n aive 



of SCQCD 



0. KK Reduction of the 6d Tensor Multiplet on AdS 5 x S 1 

g. The Cigar Background and 7d Gauged Sugra 

E.l Preliminaries and Worldsheet Symmetries 
Ej Cigar Vertex Operators 
E.3 Spacetime Supersymmetry 
E.4 Spectrum: generalities 

|E.5| Delta- function normalizable states: the lowest mass level 



E.5.1 NS sector 



E.5.2 R sector 



E.5.3 Gluing 



E.6 Maximal 7d Supergravity with SO (4) Gauging 



4C 

H 

42 
43 
45 
47 

49 

I 

5C 

51 
52 
53 

54 

56 

56 
57 
58 
58 
61 
61 
62 
62 
64 



1. Motivation 

How general is the gauge/string correspondence? 't Hooft's topological argument M suggests 
that any large N gauge theory should be dual to a closed string theory. However, the four- 
dimensional gauge theories for which an independent definition of the dual string theory is 
presently available are rather special. Even among conformal field theories, which are the best 
understood, an explicit dual string description is known only for a sparse subset of models. In 
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some sense all examples are close relatives of the original paradigm of N = 4 super Yang-Mills 
[||, ||, |H and are found by considering stacks of branes at local singularities in critical string 
theory, or variations of this setup, e.g. [||, ^, [|, ||, ^, 10, [n]]. 1 Conformal field theories in this 



class can have lower or no super symmetry, but are far from being "generic". Some of their 
special features are: 



(i) The a and c conformal anomaly coefficients are equal at large N [14|. 



(ii) The fields are in the adjoint or in bifundamental representations of the gauge group. 
(Except possibly for a small number of fundamental flavors - "small" in the large N 
limit - as in jlEtl ). 

(iii) The dual geometry is ten dimensional. 

(iv) The conformal field theory has an exactly marginal coupling A, which corresponds to a 
geometric modulus on the dual string side. For large A the string sigma model is weakly 
coupled and the supergravity approximation is valid. 2 

The situation certainly does not improve if one breaks conformal invariance - the field theories 
for which we can directly describe the string dual remain a very special set, which does 
not include some of the most relevant cases, such as pure Yang-Mills theory. Many more 
field theories, including pure Yang-Mills, can be described indirectly, as low-energy limits of 
deformations of Af = 4 SYM (as e.g. in for J\f = 1 SYM) or of other UV fixed points, 
not necessarily four-dimensional (as in [jlTj for M = YM or ||18| [l9| for J\f = 1 SYM). These 
constructions count as physical "existence proofs" of the string duals, but if one wishes to 
focus just on the low-energy dynamics, one invariably encounters strong coupling on the dual 
string side. In the limit where the unwanted UV degrees of freedom decouple, the dual appears 
to be described (in the most favorable duality frame) by a closed-string sigma model with 
strongly curved target. This may well be only a technical problem, which would be overcome 
by an analytic or even a numerical solution of the worldsheet CFT. The more fundamental 
problem is that we lack a precise recipe to write, let alone solve, the limiting sigma model 
that describes only the low-energy degrees of freedom. 

To break this impasse and enlarge the list of dual pairs outside the N = 4 SYM uni- 
versality class, we can try to attack the "next simplest case". A natural candidate for this 
role is N = 2 SYM with gauge group SU(N C ) and Nf = 2N C flavor hypermultiplets in the 
fundamental representation of SU (N c ). The number of flavors is tuned to obtain a vanishing 
beta function. We refer to this model as J\f = 2 superconformal QCD (SCQCD). The theory 
violates properties (i) and (ii) but it still has a large amount of symmetry (half the maximal 



1 We should perhaps emphasize from the outset that our focus is on string duals of gauge theories. There 
are strongly coupled field theories that admit gravity duals with no perturbative string limit, see e.g. Jl^, |l3| |. 

2 In some cases, as in M = 4 SYM, the opposite limit of small A corresponds to a weakly coupled Lagrangian 
description on the field theory side. In other cases, like the Klebanov-Witten theory [§], the Lagrangian 
description is never weakly coupled. 
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super confer mal symmetry) and it shares with M = 4 SYM the crucial simplifying feature 
of a tunable, exactly marginal gauge coupling gyu- (The theory also exhibits S-duality 



[ [2C| , 21, £2|, though this will not be important for our considerations, since we will work in 
the large N limit, which does not commute with S'-duality.) 

The large N expansion of A^ = 2 SCQCD is the one defined by Veneziano |23|: the 
number of colors N c and the number of fundamental flavors Nf are both sent to infinity, 
keeping fixed their ratio [Nt/N c = 2 in our case) and the combination A = g YM N c . Which, 
if any, is the dual string theory? And what happens to it for large A? 

2. The Veneziano Limit and Dual Strings 
2.1 A general conjecture 

To understand in which sense we should expect a dual string description of a gauge theory in 
the Veneziano limit, we start by reviewing general elementary facts about large N counting, 
Feynman-diagrams topology, and operator mixing. At this stage we have in mind a generic 
field theory that contains both adjoint fields, which we collectively denote by 4> a b , with a,b = 
1, . . . , N c , and fundamental fields, denoted by q®, with i = 1, . . . , Nf. We can consider the 
theory both in the 't Hooft limit of large N c with Nf fixed, and in the Veneziano limit of 
large N c ~ N f . 

N c — > oo, Nf fixed 

Let us first recall the familiar analysis in the 't Hooft limit ||], where the number of colors 
N c is sent to infinity, with A = g YM N c and the number of flavors Nt kept fixed. In this limit 
it is useful to represent propagators for adjoint fields with double lines, and propagators for 
fundamental fields with single lines - the lines keep track of the flow of the a type (color) in- 
dices. Vacuum Feynman diagrams admit a topological classification as Riemann surfaces with 
boundaries: each flavor loop is interpreted as a boundary. The N dependence is N^~ 2h ~ b Nj, 
for h the genus and b the number of boundaries. 

The natural dual interpretation is then in terms of a string theory with coupling g s ~ 
1/N C , containing both a closed and an open sector - the latter arising from the presence 
of Nf explicit "flavor" branes where open strings can end. Indeed this is the familiar way 



to introduce a small number of flavors in the AdS/CFT correspondence [24]: by adding 
explicit flavor branes to the bulk geometry (the simplest examples is adding D7 branes to 
the AdSz, x S 5 background). Since Nf <C N c , the backreaction of the flavor branes can be 
neglected (probe approximation). 

According to the standard AdS/CFT dictionary, single-trace "glueball" composite op- 
erators, of the schematic form Tr<^ (where Tr is a color trace) are dual to closed string 
states, while "mesonic" composite operators, of the schematic form cf^qj, are dual to open 
string states. At large N c , these two classes of operators play a special role since they can be 
regarded as "elementary" building blocks: all other gauge-invariant composite operators of 



- 4 - 



a da b 
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b c i 3 

Figure 1: Double line propagators. The adjoint propagator (cp a b cj) c d ) on the left, represented 
by two color lines, and the fundamental propagator (q - q J b ) on the right, represented by a 
color and a flavor line. 



finite dimension can be built by taking products of the elementary (single-trace and mesonic) 
operators, and their correlation functions factorize into the correlation functions of the ele- 
mentary constituents. 3 This factorization is dual to the fact for g s — > the string Hilbert 
space becomes the free multiparticle Fock space of open and closed strings. 

Flavor-singlet mesons, of the form YLi=i 'f^Qii mix with glueballs in perturbation theory, 
but the mixing is suppressed by a factor of Nf/N c <C 1, so the distinction between the two 
classes of operators is meaningful in the 't Hooft limit. On the dual side, this translates into 
the statement that the mixing of open and closed strings in subleading since each boundary 
comes with a suppression factor of g s Nf ~ Nf/N c , 



N c ~ N f -> oo 

We can now repeat the analysis in the Veneziano limit of large N c and large Nf with A = 
gy M N c and Nf /N c fixed. In this limit it is appropriate to use a double-line notation with two 



distinct types of lines [23]: color lines (joining a indices) and flavor lines (joining i indices). A 
4> propagator decomposes as two color lines with opposite orientations, while a q propagator is 
made of a color and a flavor line (Figure [l]). Since Nf ~ N c = N , color and flavor lines are on 
the same footing in the counting of factors of N. It is natural to regard all vacuum Feynman 
diagrams as closed Riemann surfaces, whose N dependence is N 2 ~ 2h : for h the genus. At 
least at this topological level, by the same logic of Q, we should expect a gauge theory in the 
Veneziano limit to be described by the perturbative expansion of a closed string theory, with 
coupling g s ~ 1/N. More precisely, there should be a dual purely closed string description of 
the flavor- singlet sector of the gauge theory. 

This point can be sharpened looking at operator mixing. It is consistent to truncate 
the theory to flavor-singlets, since they close under operator product expansion. The new 
feature that arises in the Veneziano limit is the order-one mixing of "glueballs" and flavor- 
singlet "mesons". For large N c ~ Nf, the basic "elementary" operators are what we may call 



3 Note that in this discussion we are not considering baryonic operators, since they have infinite dimension 
in the strict large N c limit. Baryons are interpreted as solitons of the large N c theory; as familiar, in AdS/CFT 
they correspond to non-perturbative (D-brane) states on the string theory side [ffl|. 
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generalized single-trace operators, of the form 

N f 

Tr(cf> kl M h <f> k2 ...(t> kn M en ) , M% = J2l a i^b- (2- 1 ) 

i=i 

Here we have introduced a flavor-contracted combination of a fundamental and an antifun- 
damental field, M a b , which for the purpose of the large N expansion plays the role of just 
another adjoint field. The usual large N factorization theorems apply: correlators of gener- 
alized multi-traces factorize into correlators of generalized single-traces. In the conjectural 
duality with a closed string theory, generalized single-trace operators are dual to single-string 
states. 

We can imagine to start with a dual closed string description of the field theory with 
Nf = 0, and first introduce a small number of flavors Nf <C N c by adding flavor branes in 
the probe approximation. As we increase Nf to be ~ N c , the probe approximation breaks 
down: boundaries are not suppressed and for fixed genus we must sum over worldsheets with 
arbitrarily many boundaries. The result of this resummation - we are saying - is a new closed 
string background dual to the flavor-singlet sector of the field theory. The large mixing of 
closed strings and flavor singlet open strings gives rise to new effective closed-string degrees 
of freedom, propagating in a backreacted geometry. This is the string theory interpretation 
of the generalized single-trace operators fl2.1| ). 

In stating the conjectured duality we have been careful to restrict ourselves to the flavor- 
singlet sector of the field theory. One may entertain the idea that "generalized mesonic 
operators" of the schematic form q 1 (j) kl Ai^ 1 4> k2 . . . 4> kn -M- qj (with open flavor indices i and 
j) would map to elementary open string states in the bulk. However this cannot be cor- 
rect, because generalized mesons and generalized single-trace operators are not independent 
- already in free field theory they are constrained by algebraic relations - so adding an inde- 
pendent open string sector in the dual theory would amount to overcounting. 

2.2 Outline of the paper 

In this paper we focus on the concrete example of N = 2 SCQCD and look for a closed 
string theory description of its flavor-singlet sector. We work at the superconformal point 
(zero vev for all the scalars) and thus look for a string background with unbroken AdS§ 
isometry. We attack the problem from two fronts: from the bottom-up, using the weakly- 
coupled Lagrangian description, and from the top-down, studying brane constructions in 
string theory. Correspondingly, the paper is divided into two main parts. The field theory 
analysis occupies sections 3-5, the string theory analysis sections 7-8. Section 6 provides a 
bridge, a first attempt to put together the clues of the field theory analysis and guess features 
of the dual string theory. In the field theory sections we pose and answer in rigorous detail a 
well-defined question: what is the protected spectrum of J\f = 2 SCQCD in the generalized 
single-trace sector? The string theory analysis is more qualitative and our program not yet 
complete. We review brane constructions and argue that the decoupling limit leads to a 
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sub-critical string background. We carry the analysis far enough to see that the string dual, 
which is largely constrained by symmetry, matches several field theory expectations, but we 
leave the determination of the precise non-critical background for future work. 

In both the bottom-up and top-down approaches it is very useful to view N = 2 SCQCD 
as part of an "interpolating" J\f = 2 superconformal field theory (SCFT) that has product 
gauge group SU(N C ) x SU(N £ ) and correspondingly two exactly marginal couplings g and g. 
For g — ► one finds J\f = 2 SCQCD plus a decoupled vector multiplet, while for g = g one 
finds the Z2 orbifold of N = 4 SYM. The orbifold theory has a well-known closed string dual, 
type IIB on AdS$ x S 5 /Z2, and changing g/g amounts to changing the period of the NSNS 
-B-field through the blow-down cycle of the orbifold. As we are going to discuss in detail, the 
flavor-singlet operators of ftf = 2 SCQCD are a subsector of the operators of the interpolating 
SCFT. So in a sense we are guaranteed success: we know a priori that the flavor-singlet sector 
of J\f = 2 SCQCD must be described by the closed string theory obtained by following the 
limit g — ► in the bulk. This is however a rather subtle limit, and making sense of it will 
occupy us in the second part of the paper. 

In a companion paper |2f| we have taken the next step of the bottom-up analysis. We 
have evaluated the planar one-loop dilation operator in the scalar sector of N = 2 SCQCD, as 
well as of the interpolating SCFT, and written it as the Hamiltonian of a spin-chain system. 
The spin-chain for N = 2 SCQCD is novel, since the chain is of the "generalized single- 
trace" form (|2.l| ). The dynamics of magnon excitations is quite interesting. In particular 
it is amusing to see how the flavor-contracted fundamental/antifundamental pairs M\ arise 
as g — > by a process of "dimerization" of the magnons of the interpolating SCFT. Some 
results of p5| will be an input in section 4 to the analysis of the protected spectrum of J\f = 2 
SCQCD. 

A more detailed outline of the rest of paper is as follows. We begin in section 3 with 
a review of the Lagrangian and symmetries of J\f = 2 SCQCD and of the interpolating 
SCFT that connects it to the Z2 orbifold of M = 4 SYM. In sections 4 and 5 we study 
the protected spectrum of short supermultiplets 4 of J\f = 2 SCQCD and its relation with 
the spectrum of the interpolating SCFT. This turns out to be a rather intricate exercise in 
superconformal representation theory. A part of the protected spectrum of M = 2 SCQCD 
is easy to determine, namely the supermultiplets built on primaries made of scalar fields: 



(4.1) is the complete list of such primaries, as shown in |2q l using the one-loop spin-chain. 
In section 4 we follow in detail the evolution of the protected states of the interpolating 
SCFT, starting at the orbifold point g = g where the complete protected spectrum is easily 
determined. In the limit g — ► we recover ( |4.1| ) as the subsector of protected primaries of 
the interpolating SCFT that are flavor singlets. Now there are many more protected states 
in J\f = 2 SCQCD than there are for generic g in the interpolating SCFT: the extra protected 



4 We use the word "short" casually, to denote a multiplet that obeys any of type of shortening condition, 
unlike some authors who distinguish between "short" and "semi-short". We use the precise notation for 
multiplets reviewed in appendix A when we need to make such distinctions. 
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states arise from long multiplets of the interpolating SCFT that split into short multiplets at 
g = 0. In section 5 we use the superconformal index to demonstrate the existence of these 
extra protected states. We show that the number of extra states grows exponentially with 
the conformal dimension. We also characterize the quantum numbers of the first few of them 
using a "sieve" algorithm; this characterization is up to a certain intrinsic ambiguity of the 
superconformal index, which can only determine "equivalence classes" of short multiplets, 
as we review in detail. Still, we have enough information to unambiguously demonstrate 
the existence of higher-spin protected states in the generalized single-trace sector, in sharp 
contrast with M = 4 SYM. 

In section 6 we use the clues offered by the protected spectrum to argue that the dual 
of J\f = 2 SCQCD should be a sub-critical string background, with seven "geometric" dimen- 
sions, containing both an AdS§ and an S 1 factor. There must be a sector of light string states, 
with mass of the order of the AdS scale for all A, dual to the higher-spin protected states 
detected by the superconformal index - so even for large A the supergravity approximation 
cannot be entirely valid. We suggest that there is also a separate sector of heavy string states, 
with m?RAdS ^ 1 f° r ^ — ¥ °°- We have in mind a scenario where in the interpolating SCFT 
there are two effective string lengths l s and l s , corresponding to the two 't Hooft couplings 
A and A: for A — > and fixed A > 1, the string length l s <C Ra<is is associated with the 
massive sector, while l s ~ RAdS is associated with the light sector. In section 7 we review 
brane constructions of the interpolating SCFT and of AA = 2 SCQCD. The most useful con- 
struction is the Hanany-Witten setup with D4 branes suspended between NS5 branes. We 
argue that the relevant dynamics is captured by a sub-critical brane setup, with color D3 
and flavor D5 boundary states in the exact IIB worldsheet CFT R 5 ' 1 x SL(2) 2 /U(1)/Z 2 . We 
identify the dual of N = 2 SCQCD with the backreacted background, where the D-branes are 
replaced by flux. We do not yet know the precise background, but it is largely constrained 
by symmetries. In section 8 we show that just assuming a solution exists, the results of the 
top-down approach are in nice qualitative agreement with the bottom-up expectations. A 
useful tool is the spacetime "effective action" of the non-critical theory, which we identify 
as the seven-dimensional maximal supergravity with the (non-standard) SO (A) gauging. We 
conclude in section 9 with a brief discussion. 

Several technical appendices supplement the text. In appendix A we review the short- 
ening conditions of the N = 2 superconformal algebra. In appendix B we review the N = 1 
chiral ring of M = 2 SCQCD and of the interpolating SCFT. In appendix C we evaluate 
the superconformal index for various combinations of short multiplets. In appendix D we 
review the Kaluza-Klein reduction on AdS?, x S 1 of the (2, 0) tensor multiplet, with a new de- 
tailed treatment of the zero modes. In appendix E we review the sub-critical IIB background 
M 5 ' 1 x5L(2) 2 /C/(l)/Z 2 and its spectrum. We make a new claim about the Id "effective action" 
describing the lowest plane-wave states, which we identify with maximally super symmetric 
SO (4)-gauged supergravity. 
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2.3 Relation to previous work 



The idea that sub-critical string theories play a role in the gauge/gravity correspondence is 
of course not new. Polyakov's conjecture that pure Yang-Mills theory should be dual to a 
5d string theory, with the Liouville field playing the role of the fifth dimension, predates the 
AdS/CFT correspondence (see e.g. |26 



27, 



). In fact one of the surprises of AdS/CFT was 
that some supersymmetric gauge theories are dual to simple backgrounds of critical string 
theory. General studies of AdS solutions of non-critical spacetime effective actions include 
[ f2S| , 30 1 . Non-critical holography has been mostly considered, starting with [31, 32], in the 
M = 1 supersymmetric case, notably for M = 1 super QCD in the Seiberg conformal window, 
which is argued to be dual to 6d non-critical backgrounds of the form AdS§ x S 1 with string- 
size curvature. There is an interesting literature on the RNS worldsheet description of these 6d 
non-critical backgrounds and their gauge-theory interpretation, see e.g. ||.||,|3|,|3|1. Non- 
critical RNS superstrings were formulated in [||, || and shown in ||, ||, gl], 0, g|, EH to 
describe subsectors of critical string theory - the degrees of freedom localized near NS5 branes 
or (in the mirror description) Calabi-Yau singularities. Non-critical superstrings have been 
also considered in the Green-Schwarz and pure-spinor formalisms, see e.g. [44, 45, 46, 47, 48]. 

Our analysis in sections 6 and 7 for M = 2 SCQCD will be in the same spirit as the 
analysis of [33, [3(|] for M = 1 super QCD. We will use the double-scaling limit defined in 
p2] , 43 1 and further studied in e.g. |4^, [5(], 51 1. One of our points is that the J\f = 2 
supersymmetric case should be the simplest for non-critical gauge/string duality. On the 
string side, more symmetry does not hurt, but the real advantage is on the field theory side. 
Little is known about the SCFTs in the Seiberg conformal window, since generically they are 
strongly coupled, isolated fixed points. By contrast N = 2 SCQCD has an exactly marginal 
coupling A, which takes arbitrary non-negative values. There is a weakly coupled Lagrangian 
description for A — > 0, and we can bring to bear all the perturbative technology that has been 
so successful for N = 4 SYM, for example in uncovering integrable structures. 5 At the same 
time we may hope, again in analogy with M = 4 SYM, that the string dual will simplify in 
the strong coupling limit A — > oo. 

There are also interesting approaches to holography for gauge theories with a large num- 
ber of fundamental flavors in critical string theory /supergravity, see e.g. 



56, 



52|, |5J, |5J 

[57], [5^, [5^, |6C( ]. The critical setup inevitably implies that the boundary gauge theory will have 
UV completions with extra degrees of freedom (e.g. higher supersymmetry and/or higher 
dimensions). 



3. Field Theory Lagrangian and Symmetries 

In this section we briefly review the structure and symmetries of N = 2 SCQCD, and its 
relation to the 1,2 orbifold of M = 4 SYM. Much insight is gained by viewing M = 2 SCQCD, 

M — 1 SQCD at the Seiberg self-dual point Nf = 2N C admits an exactly marginal coupling (the coefficient 
of a quartic superpotential), which however is bounded from below - the theory is never weakly coupled. 
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which has one exactly marginal parameter (the SU(N C ) gauge coupling qym), as the limit of 
a iwo-parameter family of M = 2 super conformal field theories. This is the family of J\f = 2 
theories with product gauge group 6 SU(N c )xSU (iVg) and two bifundamental hypermultiplets; 
its exactly marginal parameters are the two gauge-couplings gy m and gy m ■ For gy m — ► one 
recovers M = 2 SCQCD plus a decoupled free vector multiplet in the adjoint of SU(Nc). At 
9ym = 0, the second gauge group is interpreted as a subgroup of the global flavor symmetry, 
SU(Nc) C U(Nj = 2N C ). For gyu = 9ym, we have instead the familiar Z2 orbifold of N = 4 
SYM. Thus by tuning gyu we interpolate continuously between J\f = 2 SCQCD and the 
J\f = 4 universality class. 

The a and c anomalies are constant, and equal to each other, along this exactly marginal 
line: at the end point gyu = 0, the SU(N e ) vector multiplets decouples, accounting for the 
"missing" a - c in M = 2 SCQCD. 

3.1 M = 2 SCQCD 

Our main interest is N = 2 SYM theory with gauge group SU(N C ) and Nf = 2N C fundamental 
hypermultiplets. We refer to this theory as N = 2 SCQCD. Its global symmetry group 
is U(Nf) x SU(2)r x U(l) r , where SU(2)ji x U(l) r is the R-symmetry subgroup of the 
superconformal group. We use indices T,J = ± for SU(2)r, i,j = l,...Nf for the flavor 
group U(Nf) and a, b = 1, . . . N c for the color group SU(N C ). 

Table |l] summarizes the field content and quantum numbers of the model: The Poincare 
supercharges Q^, Qxa and the conformal supercharges Sj a , are SU(2)r doublets with 
charges ±1/2 under U{\) r . The M = 2 vector multiplet consists of a gauge field A m , two 
Weyl spinors Aj, X = ±, which form a doublet under SU(2)r, and one complex scalar cj), all 
in the adjoint representation of SU(N C ). Each M = 2 hypermultiplet consists of an SU{2)fc 
doublet Qx of complex scalars and of two Weyl spinors Tp a and ip a , SU(2)r singlets. It is 
convenient to define the flavor contracted mesonic operators 

M^^^QfiQV, (3.1) 

which may be decomposed into the SU{2)r singlet and triplet combinations 

Mi=Mi and Msf = M$--M£%' ( 3 - 2 ) 

The operators A4 decompose into adjoint plus singlet representations of the color group 
SU(N C ); the singlet piece is however subleading in the large -/V c limit. 

3.2 Z 2 orbifold of M = 4 and interpolating family of SCFTs 

N = 2 SCQCD can be viewed as a limit of a family of superconformal theories; in the opposite 
limit the family reduces to a Z2 orbifold of J\f = 4 SYM. In this subsection we first describe 
the orbifold theory and then its connection to N = 2 SCQCD. 

6 The ranks of the two groups coincide, N c = Ng, but it will be useful to always distinguish graphically with 
a "check" all quantities pertaining to the second group SU(Ni). 
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SU(N C ) 


U(N f ) 


SU{2) R 


U(l) r 


Q x 


1 


1 


2 


+1/2 


St a 


1 


1 


2 


-1/2 


A m 


Adj 


1 


1 





<t> 


Adj 


1 


1 


-1 


AS 


Adj 


1 


2 


-1/2 


Qi 


□ 


□ 


2 







□ 


□ 


1 


+1/2 




□ 


□ 


1 


+1/2 


Mi 


Adj + 1 


1 


1 





Ms 


Adj + 1 


1 


3 






Table 1: Symmetries of M = 2 SCQCD. We show the quantum numbers of the supercharges 
Q 1 , Sj, of the elementary components fields and of the mesonic operators M. Conjugate 
objects (such as Qxa and (ft) are not written explicitly. 



As familiar, the field content of N = 4 SYM comprises the gauge field A m , four Weyl 
fermions and six real scalars Xab, where A, B = 1, ...4 are indices of the 5C/(4)r R- 
symmetry group. Under SU{4)n, the fermions are in the 4 representation, while the scalars 
are in 6 (antisymmetric self-dual) and obey the reality condition 7 

v ] 1 c abcd Y 

AB = 2 £ XcD ■ 

We may parametrize Xab in terms of six real scalars X^, k = 4, 

/ 



Xab 



1 

71 








A 4 + iX 5 


X 7 + iX 6 


X 8 + iX 9 


-X A - 


iX 5 





X 8 - iXg 


-X 7 + iX 6 


-x 7 - 


iX 6 


- x 8 + iX 9 





X A — iX% 


-X s - 


iX 9 


X 7 - iX & 


- A 4 + iX 5 






Next, we pick an SU(2) L x SU(2) R x U(l) r subgroup of SC/(4),r, 



1 + 


( SU(2) R X U(l) r 




2 - 






3 + 






4 - 


{ 


su(2) L x u(iy r ) 



(3.3) 



(3.4) 



(3.5) 



7 The f indicates hermitian conjugation of the matrix in color space. We choose hermitian generators for 
the color group. 
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We use indices X, J = db for SU{2) R (corresponding to A, B = 1,2) and indices X, = ± 
for SU(2)l (corresponding to A, B = 3,4). To make more manifest their transformation 
properties, the scalars are rewritten as the SU{2)l x SU(2) r singlet Z (with charge —1 under 
U(l) r ) and as the bifundamental Xjj (neutral under U(l) r ), 

2^ + ' X \ X T± ='( X i + iX ° X » + iX » |. (3.6) 
V2 xx V2 yx 8 -iX 9 -X 7 + iX 6 ' 

Note the reality condition = -t X jt±jXjj- Geometrically, SU(2) L x SU(2) R = SO (4) 
is the group of 6789 rotations and U(1) R = SO (2) the group of 45 rotations. Diagonal SU (2) 
transformations X UXU^ 1 (U R = U,U L = U*) preserve the trace, Tr[^f] = 2iX§, and 
thus correspond to 789 rotations. 

We are now ready to discuss the orbifold projection. In R-symmetry space, the orb- 
ifold group is chosen to be %i C SU{2)l with elements ±12x2- This is the well-known 
quiver theory |H| obtained by placing N c D3 branes at the A\ singularity M. 2 x M 4 /Z2, with 
(Xq, Xf, X$, Xg) — * ±(Xq, Xj, X$, Xg) and X^ and X§ invariant. Supersymmetry is broken 
to J\f = 2, since the supercharges with SU(2)l indices are projected out. The SU(4) R sym- 
metry is broken to SU(2) L x SU(2) R x U(l) r , or more precisely to SO(3) L x SU(2) R x U(l) r 
since only objects with integer SU(2)l spin survive. The SU(2) R x U(l) r factors are the 
R-symmetry of the unbroken N = 2 superconformal group, while SO(3)l is an extra global 
symmetry under which the unbroken supercharges are neutral. 

In color space, we start with gauge group SU(2N C ), and declare the non-trivial element 
of the orbifold to be 

^■N c xN c 
-Hat xTV, 



(3.7) 



All in all the Z2 action on the N = 4 fields is 

A m — > t A m r , Zjj — > r Zjjt , Xx — > r Ajr , — > — r A'jjT , \ x — ► — r A^t . (3i 
The components that survive the projection are 

A» = I °) z=f^.° I (3, 

*=l*°) (3.0) 

o a 

^ Tt = I . . ^ I . (3.11) 
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SUiN^ 


SU(N C ) 2 


SU(2) R 


SU(2) L 






1 


1 


2 


1 


+1/2 


Sj a 


1 


1 


2 


1 


-1/2 


A m 


Adj 


1 


1 


1 





A 


1 


Adj 


1 


1 







Adj 


1 


1 


1 


-1 




1 


Adj 


1 


1 


-1 


X 1 


Adj 


1 


2 


1 


-1/2 


x x 


1 


Adj 


2 


1 


-1/2 




□ 


□ 


2 


2 







□ 


□ 


1 


2 


+1/2 


$± 


□ 


□ 


1 


2 


+1/2 



Table 2: Symmetries of the Z2 orbifold of N = 4 SYM and of the interpolating family of 
M = 2 SCFTs. 



The gauge group is broken to SU(N C ) x SU(Nc) x U(l), where the U(l) factor is the relative 8 
U(l) generated by r (equ. (|3?7| )): it must be removed by hand, since its beta function is 
non-vanishing. The process of removing the relative U(l) modifies the scalar potential by 
double-trace terms, which arise from the fact that the auxiliary fields (in M = 1 superspace) 
are now missing the U(l) component. Equivalently we can evaluate the beta function for the 
double-trace couplings, and tune them to their fixed point ]62| . 

Supersymmetry organizes the component fields into the N = 2 vector multiplets of 
each factor of the gauge group, (4>, Xj, A m ) and (</>, Xj, A m ), and into two bifundamental 
hypermultiplets, (Qj ±, ip^_, rj)±) and (Qj i,ipi,ipi)- Table 2 summarizes the field content 
and quantum numbers of the orbifold theory. 

The two gauge-couplings gyM an d gyu can be independently varied while preserving 
M = 2 superconformal invariance, thus defining a two-parameter family of N = 2 SCFTs. 
Some care is needed in adjusting the Yukawa and scalar potential terms so that M = 2 



8 Had we started with U(2N C ) group, we would also have an extra diagonal 17(1), which would completely 
decouple since no fields are charged under it. 



super symmetry is preserved. We find 

'"Yukawa 

+gYMe EJ ^±^j + gYM£ rj '4>j(i)'4>2 

+gYM£ IJ ipj^ r Qxx + 9YMe rj Qxx^ X ' l J J j 
-9YMeijQ n \ J ^j - gYMexji>j\ T Q^ J ] + h.c. (3.12) 

V(g Y M,9YM) = 9ym^{\{4>, 0? + Mx 1 ^ + #) + M/Mj - \m?M$\ 
+g YM Tr[±[l j>] 2 + M X X {U + U) + M X jM J 2 ~ \M x M?j\ 
+9YM9YM r R [ ~ 2Q XX 4>Q XX 4> + h.c.) - —V d .t. , (3.13) 
where the mesonic operators M are defined as r 



c 
9 



and the double-trace terms in the potential are 

V d . t . = g YM {Tr[Mx J }TT[Mj} - ~Tr[M x x ]Tr[Mf]) (3.15) 

+g YM {TiiM X j]Tv[M J x] - ^[M\]Tt[M J j\) 

= (9ym + 9ym) {Tr[Mx J ]Tr[Mj} - ±Tr[M T X ]Tr[M/}) . 

The SU{2)i symmetry is present for all values of the couplings (and so is the SU(2)r x 
U(l) r R-symmetry, of course). At the orbifold point gyM = 9ym there is an extra Z2 
symmetry (the quantum symmetry of the orbifold) acting as 

4> 4> , Xr <-»• Ax , A m <-> A m , Vj ^ > Qjj -£tj£±jQ JJ ■ (3.16) 

Setting ^yAf = 0, the second vector multiplet ((f>,\z, A m ) becomes free and completely 
decouples from the rest of theory, which happens to coincide with M = 2 SCQCD (indeed 
the field content is the same and J\f = 2 susy does the rest). The SU(Nc) symmetry can 
now be interpreted as a global flavor symmetry. In fact there is a symmetry enhancement 



SU(N £ ) x SU(2) L -» U(Nf = 2N C ): one sees in (gjj , |3.13|) that for g YM = the SE/(i\fe) 
index a and the SU(2)l index X can be combined into a single flavor index % = (a, I) = 
1,...2N C . 

In the rest of the paper, unless otherwise stated, we will work in the large N c = N & limit, 
keeping fixed the 't Hooft couplings 

A = g YM N c = 8vrV , A = g YM N 6 = 8n 2 g 2 . (3.17) 



9 Note that Tr[M/} = Tr[M J 2 
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The normalizations of g and g are convenient for the perturbative calculations of p5fl , in 
this paper it is just important to keep in mind that they are (square roots of) the 't Hooft 
couplings. We will refer to the theory with arbitrary g and g as the "interpolating SCFT", 
thinking of keeping g fixed as we vary g from g = g (orbifold theory) to g = (M = 2 SCQCD 
© extra iVf — 1 free vector multiplets). 



4. Protected Spectrum of the Interpolating Theory 

In the present and in the following section we will study the protected spectrum of N = 2 
SCQCD at large N, in the flavor singlet sector, and its relation with the protected spec- 
trum of the interpolating SCFT. We have argued that in the large N Veneziano limit, flavor 



singlets that diagonalize the dilation operator take the "generalized single-trace" form (2.1). 
We will look for the generalized single-trace operators belonging to short multiplets of the 
superconformal algebra. These are the operators expected to map to the Kaluza-Klein tower 
of massless single closed string states, so they are the first place to look in a "bottom-up" 
search for the string dual. 

The determination of the complete list of short multiplets of M = 2 SCQCD in this 
"generalized single-trace" sector turns out to be more subtle than expected. A class of 
short multiplets is relatively easy to isolate, namely the multiplets based on the following 
superconformal primaries: 

TrM 3 = (Q«Q i a ) 3 , Tr/+ 2 , Tr[T/], £>0. (4.1) 

Here T = cj)(f) — M\. We hasten to add that this will turn out to be only a small fraction of the 
complete set of protected operators. The set ( [P] ) is the complete list of one-loop protected 
primaries in the scalar sector, as we show in by a systematic evaluation of the one- 
loop anomalous dimension of all operators that are made out of scalars and obey shortening 
conditions. The operators Trcjfi correspond to the vacuum of the spin-chain studied in [25], 



while the TicTcp correspond to the p — > limit of a gapless magnon T(p) of momentum p. 

The operators Tr Ms and Tr cf) f ' +2 obey the familiar BPS condition A = 2R + |r|, where 
R is the SU(2)r spin and r the U(l) r charge, and they are generators of the chiral ring 
(with respect to an N = 1 subalgebra), see appendix B. 10 By contrast Tr[T</r] obey a 
"semi-shortening" condition and it may be missed in a naive analysis; in these operators 
there is a large mixing of "glueballs" and "mesons" and the idea of considering "generalized 



10 Incidentally, the analysis of the chiral ring extends immediately to flavor non-singlets. The only chiral 
ring generator which is not a flavor singlet is the SU(2)r triplet bilinear 

Oi j = (Q i a Q a j ) 3 = Q i a{I Q a j }j , (4.2) 

in the adjoint of SU(Nf). The conserved currents for the SU(Nf) C U(Nf) flavor symmetry belong to the 
short multiplet with bottom component 03 j. Similarly the current for the (7(1) C U(Nf) baryon number 
belongs to the Tr Ms multiplet. 
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single-traces" is essential. The TrT multiplet plays a distinguished role since it contains the 
stress-energy tensor and i?-symmetry currents. 

Protection of the operators (4.1) can be understood from the viewpoint of the interpo- 



lating SCFT connecting M = 2 SCQCD with the Z 2 orbifold of M = 4 SYM, as follows. The 
complete spectrum of short multiplets at the orbifold point g = g is well-known. We will 
argue, using superconformal representation theory Q, that the protected multiplets found 
at the orbifold point cannot recombine into long multiplets as we vary g, so in particular 
taking g — > they must evolve into protected multiplets of the theory 



{M = 2 SCQCD decoupled SU{N £ ) vector multiplet} . (4.3) 



The list (4.1) is precisely recovered by restricting to U(Nt) singlets. Remarkably however, 
the superconformal index of N = 2 SCQCD, evaluated in the next section, will show the 
existence of many more protected states. The extra protected states arise from the splitting 
long multiplets of the interpolating theory into short multiplets as g — > 0. 



We will make extensive use of the the list given by Dolan and Osborn[S3 of all possible 
shortening conditions of the N = 2 superconformal algebra. We summarize their results and 
establish notations in appendix |A|. 



4.1 Protected Spectrum at the Orbifold Point 

At the orbifold point (g = g) the state space of the field theory is the direct sum of an 
untwisted and a twisted sector, respectively even and odd under the "quantum" Z 2 symmetry 



4.1.1 Untwisted sector 

Operators in the untwisted sector of the orbifold descend from operators of M = 4 SYM by 
projection onto the Z 2 invariant subspace. Their correlators coincide at large N c with J\f = 4 
correlators |34|, |6f|. In particular the complete list of untwisted protected states is obtained 
by projection of the protected states of M = 4. We will be interested in single-trace operators; 
as is well-known, the only protected single-trace operators of N = 4 belong to the i BPS 

multiplets ^ , built on the chiral primaries TrX^ 1 . . . X ip }, with p > 2, in the [0,p,0] 
representation of SU(A)r (symmetric traceless of 50(6)) The decomposition of each | BPS 
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multiplet M = 4 into N = 2 multiplets reads p3| 
i i_ 

B [d. U,o] - (P + ® ^(0,0) © £-p(o,o) 

®(p- l)Ci p _ 1(00) ®p(I'i( p _ 1) ( 0j0) ©^i(p_i)(o,o) 

P-2 

© © + 1 )(^ifc,p-fc(0,0) © ^§fc,fc-p(0,0)) 
fc=l 

P-3 

© + 1 )(^|fc,p-k-2(0,0) © ^ifc,fc-p+2(0,0)) 

fc=0 

©e P e%+iM| fc , P _ fc _ 4 _ 2i(0 ,o)' ( 4 - 4 ) 

fc=0 «=0 

which can be understood by considering all possible ways to substitute X' 1 — » Z,Z, i.e. 
6 (0,0)i © (0,0)_i © (5,3)0 in the branching 5J7(4) fl S77(2) L x 5C/(2)jj x I7(l) r . The 
Z2 orbifold projection is then accomplished by the substitution ( |3.9| ); states with an even 
(odd) number of <Ys are kept (projected out), or equivalently, states with integer (half-odd) 
SU(2)r spin are kept (projected out). Table || lists all the superconformal primaries of the 
orbifold theory obtained by this procedure. 

Let us explain the notation. The explicit expressions in terms of fields are schematic. The 
symbol ^2 indicates summation over all "symmetric traceless" permutations of the component 
fields allowed by the index structure. The symbol T stands for the appropriate combination 
of two scalar fields, neutral under the R symmetry. In the case of the multiplet Co(o,o)> 
Tr T = Tr [T+<jxfi] , the bottom component of the stress tensor multiplet of the orbifold theory. 
The SU(2)r x U(l) r quantum numbers are manifest as labels of the N = 2 multiplets, while 
the SU (2) l quantum numbers can be seen from the multiplicity of each multiplet on the right 
hand side of fl4.4p - the SU(2)l spin always equals the SU{2)r spin of the multiplet, because 
SU(2)r and SU(2)l indices always come in pairs {IT) and are separately symmetrized. 

4.1.2 Twisted sector 

In the twisted sector, we claim that the complete list of single-trace superconformal primary 
operators obeying shortening conditions is 

Tr[rZ^] = Tr[(// - for £ > 2 and Tt\tX x± X J j( IJ \ = -Tr[Q i{x Q| } ] = -Tr_M 3 . 

(4-5) 

That these operators are protected can be seen by the fact that they are the generators of 
the M = 1 chiral ring in the twisted sector, as we show in appendix ^. A priori there could 
be extra twisted states that do not belong to the chiral ring, as is the case for the untwisted 
sector. In the next section we will evaluate the superconformal index of the orbifold theory 
and find that it matches perfectly with the contribution of our claimed list of short multiplets. 
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Multiplet 


Orbifold operator (R, £ > 0, n > 2) 


B R+ i 


Tr[(Q++Q++) R+1 ] 


£-(7+2) (0,0) 


Tr [/+ 2 + 4> e+2 ] 




Tr[£T(Q++Q+V] 


^R+MOfl) 


Tr[£(Q++Q++)*+ 1 (0 + <£)] 


#R+l,-(£+2)(0,0) 




Cr,-(£+i)(P,o) 


Tr[Z i T(Q++Q++) R i e + 1 - 1 ] 


aA=2R+£+2ti 
^R-iiOfl) 


Tr[Z l T n (Q + +Q + +) R <p i ^- i ] 



Table 3: Superconformal primary operators in the untwisted sector of the orbifold theory. 
They descend from the ^ BPS primaries of Af = 4 SYM. The symbol £ indicates summation 
over all "symmetric traceless" permutations of the component fields allowed by the index 
structure. 



Multiplet 


Orbifold operator (£ > 0) 




Tr[(Q++Q+- - Q + -Q + +)] = TvM 3 


^-£-2(0,0) 


Tr [^+ 2 - ^+ 2 ] 



Table 4: Superconformal primary operators in the twisted sector of the orbifold theory. 



The primary Tr[<^ — <ff] corresponds for each £ > 2 to a second copy of the chiral 
multiplet £_£(o,o) ~ the first copy being the one in the untwisted sector built on Tr[4> e + ]. 
The operator Tr[Qj| X Qj|] is an SU (2)r triplet with vanishing U (l) r charge and A = 2, and 
must be identified with the primary of a B\ multiplet. This protected multiplet has been 
overlooked in previous discussions of the orbifold field theory. It is protected only in the 
theory where the relative U{1) has been correctly subtracted (see section 3.2), as seen both 
in the chiral ring analysis of appendix B and in an explicit one-loop calculation. 



4.2 From the orbifold point to M = 2 SCQCD 

As we move away from the orbifold point by changing g, the short multiplets that we have just 
enumerated may a priori recombine into long multiplets and acquire a non-zero anomalous 
dimension. The possible recombinations of short multiplets of the N = 2 superconformal 



algebra were classified in [63]. For short multiplets with a Lorentz- scalar bottom component, 
the relevant rule is 



•4^,^(0,0) - c R-i(o,o) © Br+i ,-(M-l)(o,o) • (4-6) 
In the special case £ = 0, the short multiplets on the right hand side further decompose into 
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even shorter multiplets as 

-^jfo(o,o) - C R(o,o) © ^+1(0,0) © £Wi(o,o) © ^fi+2(o,o) (4-7) 

. It follows that the short multiplets of the orbifold theory that that could in principle 
recombine are 

Tr[J2 T(Q + +Q + +) R ^ l ^- i ] Tr[^(Q++Q++) i?+ W^] — > ^-/(o,o) ( 4 - 8 ) 

i i 

Tr[^T(Q++Q+V] ©Tr[^(Q++Q+V + W~i 

i 

TY[]T(Q++Q+ V + W~i © Tr[]T(Q + +Q + +) R+2 ] -> ^+J 0) . (4.9) 

i 

However we see that the proposed recombinations entail short multiplets with different 
SU(2)l quantum numbers, which is impossible since the supercharges are neutral under 
SU(2)l. Thus SU(2)l selection rules forbid the recombination, and the protected multiplets 
of the orbifold theory remain short for all values of g and g. This conclusion was reached using 
super confer mal representation theory, and it is a rigorous result valid at the full quantum 
level. 11 

In the limit g — > 0, we must be able to match the protected states of the interpolating 
SCFT with protected states of {M = 2 SCQCD ® decoupled vector multiplet}. In p|| we 
follow this evolution in detail using the one-loop spin chain Hamiltonian. The basic features of 
this evolution can be understood just from group theory. The protected states naturally splits 
into two sets: SU(2)l singlets and SU(2)l non-singlets. It is clear that all the (generalized) 
single-trace operators of N = 2 SCQCD must arise from the SU(2)l singlets. 

The SU(2) L singlets are: 

(i) One B\ multiplet, corresponding to the primary Since this is 
the only operator with these quantum numbers, it cannot mix with anything and its 
form is independent of g. 

(ii) Two £-g(p,0) multiplets for each i > 2, corresponding to the primaries Tr[/±<^]. For 
each £, there is a two-dimensional space of protected operators, and we may choose 
whichever basis is more convenient. For g = g, the natural basis vectors are the un- 
twisted and twisted combinations (respectively even and odd under (j> <-> 0), while for 
g = the natural basis vectors are Tr<^ (which is an operator of N = 2 SCQCD) and 
Tr^r (which belongs to the decoupled sector). 

(iii) One Co(o,o) multiplet (the stress-tensor multiplet), corresponding to the primary TrT = 

Tr [T + 4>(p] . We have checked that this combination is an eigenstate with zero eigenvalue 

for all g. For g = 0, we may trivially subtract out the decoupled piece Tr (jxf> and recover 

TrT, the stress-tensor multiplet of J\f = 2 SCQCD. 

11 We will rephrase the same result in the next section by computing a refined superconformal index that 
also keeps track of the SU(2)l quantum number. 
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(iv) One C 0j „^(o,o) multiplet for each I > 1. In the limit g — > 0, we expect this multiplet to 
evolve to the TrT(// multiplet of J\f = 2 SCQCD. We have checked this in detail in [25]. 



All in all, we see that this list reproduces the list (|4.l[) of one-loop protected scalar operators 
of Af = 2 SCQCD, plus the extra states Tr</r that decouple for g = 0. 

The basic protected primary of M = 2 SCQCD which is charged under SU(2)l is the 
SU (2) l triplet contained in the mesonic operator 0| R • = (Q l a Qj )3 R (see footnote |l0|) . Indeed 
writing the U(Nf = 2N C ) flavor indices i as i = (a, I), with a = 1, . . . Nf/2 = N c "half" flavor 
indices and I = ± SU(2)l indices, we can decompose 

In particular we may consider the highest weight combination for both SU(2)l and SU(2)r, 

(Q + +Q + +)V (4.11) 

States with higher SU{2)l spin can be built by taking products of 03 R 3 L with SU(2)l 
and SU(2)r indices separately symmetrized - and this is the only way to obtain protected 
states of N = 2 SCQCD charged under SU (2) i which have finite conformal dimension in the 
Veneziano limit. It is then a priori clear that a protected primary of the interpolating theory 
with SU{2)l spin L must evolve as g — > into a product of L copies of (Q ++ Q ++ ) and of 
as many additional decoupled scalars and <j) as needed to make up for the correct U(l) r 
charge and conformal dimension. Examples of this evolution are given in p5|] . 

4.3 Summary 

In summary all the short multiplets of the interpolating theory remain short as g — > 0, and 
have a natural interpretation in this limit. The SU (2) L-singlet protected states evolve into 
the list ( |4.1D of protected states of SCQCD, plus some extra states made purely from the 
decoupled vector multiplet. The interpolating theory has also many single-trace protected 
states with non-trivial SU(2)l spin, which are flavor non-singlets from the point of view 
of N = 2 SCQCD: we have seen that in the limit g — > 0, a state with SU(2)l spin L 
can be interpreted as a "multiparticle state", obtained by linking together L short "open" 
spin-chains with of SCQCD and decoupled fields (j). This is also suggestive of a dual string 
theory interpretation: as g — > 0, single closed string states carrying SU (2) l quantum numbers 
disintegrate into multiple open strings. 

Thus by embedding J\f = 2 SCQCD into the interpolating SCFT we have confirmed that 



the operators (4.1) are protected at the full quantum level, since they arise as the limit of 
operators whose protection can be shown at the orbifold point and is preserved by the exactly 
marginal deformation. However this argument does not guarantee that ( |4.1| ) is the complete 
set of protected generalized single-trace primaries of = 2 SCQCD. Indeed we will exhibit 
many more such states in the next section: they arise from long multiplets of the interpolating 
theory splitting into short multiplets at g = 0. 
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5. Extra Protected Operators of J\f = 2 SCQCD from the Index 



The superconformal index |36| (see also p7[] ) computes "cohomological" information about 
the protected spectrum of a superconformal field theory. It counts (with signs) the multiplets 
obeying shortening conditions, up to equivalence relations that set to zero all sequences of 
short multiplets that may in principle recombine into long multiplets. The index is invariant 
under exactly marginal deformations and can thus be evaluated in the free field limit (if the 
theory admits a Lagrangian description). It should be kept in mind that the index does not 
completely fix the protected spectrum. A first issue is a certain ambiguity in the quantum 
numbers of the protected multiplets detected by the index. Short multiplets can be organized 
into "equivalence classes" , such that each short multiplet in a class gives the same contribution 
to the index. For M = 2 4d superconformal theories these equivalence classes contain a finite 
number of short multiplets. This finite ambiguity could in principle be resolved by an explicit 
one-loop calculation, but in practice this is difficult since the diagonalization of the one- 
loop dilation operator becomes rapidly complicated as the conformal dimension increases. 
A second issue is that some sequences of short multiplets that are kinematically allowed to 
recombine into long multiplets may in fact remain protected for dynamical reasons. This 
dynamical protection is known to occur at large -/V c in M = 4 SYM for certain multi-trace 
operators, but not for single-trace operators. 

Despite these caveats, the index is a very valuable tool. In this section, after reviewing 
the definition of the index [ 56 1 , we explain exactly what kind of information can be extracted 
from it, by characterizing the "equivalence classes" of short multiplets that give the same 
contribution to the index. We then proceed to concrete calculations, evaluating the index for 
the interpolating SCFT and for J\f = 2 SCQCD. The free field contents of the two theories, 
and thus their indices, are different: recall that the interpolating SCFT has an extra vector 
multiplet in the adjoint of SU(Nc). The index for the interpolating theory confirms the pro- 
tected spectrum of single-trace operators discussed in the previous section. By contrast, the 
index for N = 2 SCQCD reveals the existence of many more generalized single-trace opera- 
tors obeying shortening conditions: their degeneracy grows exponentially with the conformal 
dimension. Interestingly, we find protected operators with arbitrarily high spin, though none 
of them is a higher-spin conserved current. We account for the origin of these extra protected 
states by identifying long multiplets of the interpolating theory that at g = split into short 
multiplets: some of the resulting short multiplets belong purely to N = 2 SCQCD (i.e. do 
not contain fields in the decoupled vector multiplet) and comprise the extra states. 



5.1 Review of the Superconformal Index 

The superconformal index |66| is just the Witten index with respect to one of the Poincare 
supercharges, call it Q, of the superconformal algebra. Let S = be the conformal su- 
percharge conjugate to Q, and 5 = 2{S, Q}. Every state in a unitary representation of the 
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superconformal algebra has S > 0. The index is defined as 

l = Ti{-l) F e~ a5+M , (5.1) 

where the trace is over the Hilbert space of the theory on S 3 , in the usual radial quantization, 
and M is any operator that commutes with Q and S. The index receives contributions only 
from states with 5 = 0, which are in one-to-one correspondence with the cohomology classes 
of Q. It is thus independent of a. 

There are in fact two inequivalent possibilities for the choice of Q, leading to a "left" 
index I L and a "right" index J R . The choice Q = Q}_ leads to the "left" index J L . In this 
case 

5 L = A-2j-2R-r. (5.2) 
Introducing chemical potentials for all the operators that commute with Q and S, one defines 

l L (t, y, v) = Tr (-1) F i 2 ( A+ J') y 2 ~iv r ~ R . (5.3) 

The choice Q = Q 2+ gives instead the "right" index J R . In this case 

5 K = A - 2] - 2R + r (5.4) 
l R (t, y,v)=Tr (-if t 2(A+ ~^ y 2 H- r - R . (5.5) 

The relation between the left and right index is simply j <-> j and r <-> —r. For an J\f = 2 
theory, which is necessarily non-chiral, the left and right indices are in fact equal as functions 
of the chemical potentials, X L (t, y, v) = l R (t, y, v), but it will be useful to have introduced the 
definitions of both. 



5.2 Equivalence Classes of Short Multiplets 

We have mentioned that there is a certain finite ambiguity in extracting from the index which 
are the actual multiplets that remain short. Schematically, the issue is the following. Suppose 
that two short multiplets, S\ and S2, can recombine to form a long multiplet Li, 

51 © S 2 = Li , (5.6) 

and similarly that S2 can recombine with a third short multiplet S3 to give another long 
multiplet L2, 

5 2 © S3 = L 2 . (5.7) 
By construction, the index evaluates to zero on long multiplets, so 

J(5i) = -J(S 2 ) = J(S 3 ) . (5.8) 

We say that the two multiplets Si and S3 belong to the same equivalence class, since their 
indices are the same. Note that S 2 can be distinguished from Si ~ S3 by the overall sign of 
its index. 
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The recombination rules for Af = 2 superconformal algebra are 

J ^m +2 - ^r U 3) © c R+hr _, UJ _ h) (5.10) 

A ^-3U3) ~ ^ B 0'J) ® aO'-jJ) ® ^R+\{hl-k) ® J-i) ■ ( 5 - n ) 

Notations are reviewed in appendix The C, C and C multiplets obey certain "semi- 
shortening" conditions, see Table while A multiplets are generic long multiplets. A long 
multiplet whose conformal dimension is exactly at the unitarity threshold can be decomposed 
into shorter multiplets according to ( [5T9 , |5.ld , |5.11]) . We can formally regard any multiplet 
obeying some shortening condition (with the exception of the £ and £ types) as a multiplet 
of type C, C or C by allowing the spins j and j, whose natural range is over the non-negative 
half- integers, to take the value — 1/2 as well. The translation is as follows: 

C «,r(-|J)-^+ir+|(0j)- ( 5 - 12 ) 

C R(-\3) - V R+\{o3Y C Wi,-\) ~ ®R+h(j,o) ■ ^ 5 ' 13 ) 
- p /?+i(o,-i) - Vr+L(-L,o) - (5-14) 

Note how these rules flip statistics: a multiplet with bosonic primary (j + j integer) is turned 
into a multiplet with fermionic primary (j + j half-odd), and viceversa. With these con- 
ventions, the rules (5.9, 5.1C, 5,11| ) are the most general recombination rules. The £ and £ 
multiplets never recombine. 

Let us start by characterizing the equivalent classes for C-type multiplets. The right 
index vanishes identically on C multiplets. From (|5.9|), we have 



I h [C R , r{j3) ] +l L [C R+hr+l2(j _ h]) ] =0. (5.15) 

Clearly R = R + j , f = r + j and j and the overall sign are the invariant quantum numbers 
that label an equivalence class. We denote by [R,f,j]\. the equivalence class of C multiplets 
with J L = I L [C Rml) }, and by [R,r,]] L _ the class with 1 L = -1 L [C 



R,f(0J) h y L ' ' JJ - ~~ IV-R,f(0,j)J> 

R~m,f—m (m,j) 



[R, f, j]\ = {C R _,_ m (mJ) | m = 0, 1, 2 . . . , m < R} (5.16) 



[R,f,jt = {C R _ mtf _ m[m3) \m = ~±\...,m<R}. (5.17) 
Explicitly, the left index of the class [R, r,j}± is: 

7fo m = ±(-i) 2 ^¥+ 4 *+ 2 V 2 +^ (1 '^'^^ (y 2] + • • • + y~ 2] ) ( 5 - 18 ) 

We have illustrated the equivalence classes [1, 1,0]± in Figure || by listing multiplets on the 
j axis. The allowed values of R and j are — ^, 0, i, 1, . . . , with the proviso that j = —\ 
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— X [1,1,0] 

o 



+^[1,1,0] 



_X [1,1,0] 



+^[1,1,0] 

— • 



c f,f(-i,o) 



Cl 



1(0,0) 



0,0(1,0) 



Figure 2: The equivalence classes [1,1,0]±. The multiplets belonging to [1,1, 0]± have index 
±Xfc 1 j. The sum of the indices of adjacent multiplets is zero, as required by the recombina- 
tion rule. 



or j 
class 



2 

1 £ 



|, the 



| must be interpreted according to ( |5.12 ). For the lowest value of R, R - 
^,f,j]\ is empty while the class [— ^ , f, j] 1 ! = £>i f + x( J) consists of a single multiplet, 
which can then be determined without any ambiguity. For R = 0, [0, r, = Co,f(oJ) an d 
[0, r,j]^_ = ^i^+iroj) both contain a single multiplet and again there is no ambiguity. Finally 
for R = |, j] + = Ci ,-^ ^ contains a single multiplet, but [|,f, j]_ already has two and 
from the index alone cannot decide which of the two actually remains protected. Clearly the 
ambiguity grows linearly with R. 

The analysis for the C multiplets is entirely analogous, and follows from the previous 
discussion by the substitutions j <-> j , r <-> — r. One needs to consider X R , since now it is X L 
that evaluates to zero. The equivalence classes are defined to be the set of all the C multiplets 
with same X R up to sign, and are denoted as [R, f,j]±, where R = R + j,r = —r + j. 



(a) C () (i,i) and C 2 



i) = 83(0,0) 



00 c Vi,d 

C 1( i _j 



Da 



(0.5) 



and 



23 s 



co,|) 



Figure 3: Example of two configurations of the C multiplets with R + j + j = 1 contributing 
the same to both X L and X R . The multiplets are denoted by crosses on the (J,j) grid. The 
indices are the same for (a) and (b) because the projections on the j and j (i.e. the sets of j 
and j values) are the same. 



The analysis for the C multiplets is slightly more involved. Unlike C and C multiplets, 
C multiplets contribute to both I L and X R . Moreover the quantum number r is fixed by the 
additional shortening condition r = j — j. The left and right equivalence classes of Cruj\ are 
[R + j,j,j]± and [R + j, j, j] R respectively. The left index determines R = R + j and the 
right index R = R + j, so all in all no two different C multiplets give the same contribution to 
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Multiplet 


Equivalence class 


C 


[R,r,jf ± = [R + j,r + j,j] L ± 


C 


[R,r,j]± = [R + j,-r + j,j}± 


C 


[Rj] L ± = [R + j + 3,j} L ± 
[R,j]l = [R + j + j,j] K ± 



Table 5: Summary of notation for equivalence classes of short multiplets. 



both I L and X R . Nevertheless different direct sums of C multiplets can have the same I L and 
X R . It is convenient to introduce the quantum number R = R + j + j, which is an invariant 
for both the left and the right equivalence classes, and to label the equivalence classes for 
C multiplets as j]± and [R, This new way to label the classes does not entail any 
loss of information, and makes it more convenient to analyze both the indices simultaneously. 
Explicitly, the left and right indices for these equivalence classes are: 

_ f 6-2j+4R -l+2j-R(-\ _ f 2 v \ 

^ { L > (1 - t3y)(l - 1 3 /^) 

( t(y 2j+l + . . . + _ v tf3 + . . . + y~*3)) (5.19) 

. +6-2j+4R -l+2j-R (1 _ t 2 \ 



X - = ±(-lY 
[Rdll { 1 (l-t3y)(l-t 3 /y) 

(t^i+l + . . . + _ v(y 2j + . . . + r 2 3)) (5 _ 20) 

Now the point is that given a collection of C multiplets with the same value of R, the left 
index determines the set of j values while the right index determines the set of j values, but 
in general there is not enough information to fix uniquely all quantum numbers. Figure || 
illustrates the ambiguity in a simple example: two different configurations, each consisting of 
two C multiplets, give the same contribution to both I L and X R . 



5.3 The Index of the Interpolating Theory 

We now review the calculation of the index for the orbifold theory |3(], ^]. 12 The index is 
invariant under exactly marginal deformation and is thus the same for the whole family of 
interpolating SCFTs. The procedure is well-established. One enumerates the "letters" of the 
theory with 5 = and then counts all possible gauge- invariants words. This is done efficiently 
by a matrix model, which for large N can be evaluated by saddle point. Tables ^ and [7| list 

12 While we agree with the general procedure followed in flsH, we disagree with the final result, equ.(3.5) of 
Jtii) ], The discrepancy can be traced to an incorrect subtraction of the U(l) factors in |58|, they are apparently 
taken to be M = 1 rather than M = 2 vector multiplets (equ.(2.12) of Q). For the same reason we disagree 
with the expression ((3.7) of fcq]) for the contribution to the index of the 6d (2,0) massless tensor multiplet, 
which we evaluate in appendix KJ. 
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Letters 


A 


J 


3 


R 


r 


J R 


4> 


1 











-1 


t 2 v 


AV 


3/2 


1/2 





1/2 


-1/2 


-t 3 y 


Ai 


3/2 


-1/2 





1/2 


-1/2 


-iV 1 


A2+ 


3/2 





1/2 


1/2 


1/2 


-t A v- 1 


F ++ 


2 





1 








t 6 


d ++ 


1 


1/2 


1/2 








t 3 y 


d-+ 


1 


-1/2 


1/2 










d_ + \\ + <9++Al = 


5/2 





1/2 


1/2 


1/2 


t 6 



Table 6: Letters with S R = from the M = 2 vector multiplet 



Letters 


A 


3 


3 


R 


r 




q 


1 








1/2 









3/2 





1/2 





-1/2 




Q 


1 








1/2 





t 2 v- x l 2 




3/2 





1/2 





-1/2 


-t^v 1 ' 2 



Table 7: Letters with 5 R = from the hyper multiplet 



the 5 R = letters from the M = 2 vector and hyper multiplets. 13 Equations of motion are 
accounted for by introducing words with "wrong" statistics. One finds the single- letter 
indices for the vector multiplet and the "half" hyper multiplet 



fv{t,y,v) 
fH(t,y,v) 



t 2 v -t 3 (y + y- 1 ) - t^v- 1 + 2t 6 
(l-^a-tV 1 ) 
t 2 (1 - t 2 v) 



V l/2 (! _ t 3yj (! _ t 3y-l) • 

The single-letter index then reads 

i orb (t,y,v;U,U) = f v (t,y,v)(TTUTiU^ - 1) + f v (t,y,v)(TiUTvW - 1) 
+ I • - ) f H (t, y, v)(TvUTrfj^ + TrcTf TrC/) . 



(5.21) 
(5.22) 



(5.23) 



Here J7 and U are is an N c x A^c unitary matrices out of which we construct the relevant 
characters of SU(N C ) and SU(N £ ). We have also introduced a potential w that keeps track 



13 For definiteness we evaluate I R , but recall that X L (t,y,v) = I R (t,y,v). The concrete letters with 8 L = 
are different but the left and right single-letter indices coincide. 
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of SU(2)l quantum numbers: w + — is the character of the fundamental representation of 
SU(2)l. The index is obtained by enumerating all gauge- invariant operators in terms of the 
matrix integral 



-orb 



J [dU][dU]e W \^U orb (t n ,y n lV n -,U n U n )\ , (5.24) 



(1 _ f Un n v n))2 _ ^2n + w ~2n + 2)f%(t n , V n ; V n ) = ^ ' ' (5 " 25) 



which for large N c can be carried out explicitly, 

£J (1 " fv(t n ,y n ,v n ))~- (w 2n +w~ 2n + 2)f H {t n ,y n ,v n ) 

This expression contains the contribution from all the gauge-invariant operators of the theory, 
which at large N c are multi-traces, hence the superscript in T™i f". To extract the contribution 
from single-traces we evaluate the plethystic logarithm (see e.g. |69|) 

lorb = E — log[«(t n , y n ,v n )] (5.26) 



n 

n=l 



oo 



V ^ log[(l - f V (t n , y n , v n )f - (w 2n + w~ 2n + 2)f 2 H (t n , y", v n )} (5.27) 
n 

n=l 

2fv(t,y,v) 



a„, +3„, +3„,-l 1 t*w 2 t 4 



ru t a y t a y 



l-t 3 y l-i 3 ?/" 1 

Here /u(n) is the Moebius function (/i(l) = 1, /x(n) = if n has repeated prime factors, and 
n(n) = (— l) fc if n is the product of k distinct primes), and <p(r) is the Euler Phi function, 
defined as the number of positive integers less than or equal to r that are coprime with respect 
to r. We have used the properties 

E^G)= . E ^ ^ - ^ = ■ ^ 

d\n ' ' r 

The index is of course independent of g and g. At the orbifold point g = g it makes sense 
organize the spectrum into a twisted and an untwisted sector. Protected operators in the 
untwisted sectors are known from inheritance from J\f = 4 SYM. To evaluate the contribution 
to the index from the untwisted sector we start with the single-trace index for SU(N C ) J\f = 4 
SYM and project onto the Z2 invariant subspace. The single-trace index for N = 4 is found 
by regarding M = 4 as an J\f = 2 theory with one adjoint vector and one adjoint hyper. A 
short calculation gives 66] 



11 



*-r- irv 7^ 7J7/5 t 6 y t 6 y~ l 

L N=\ = 1 7^7. + ~ 7277 + 



1 - t 2 v 1 ^= 1 - i 3 y 1 - t 3 y _1 

-/v(t, y, v)-(w + -)f H (t, y, v) . (5.30) 
w 



4 Our notations for the chemical potentials are slightly different from 
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The %2 acts as w — ► — u; leaving invariant the under potentials, so the index of the untwisted 
sector of the Z2 orbifold theory is 

^untwist = 2@Af=4(t,y,V,w) +ltf=4:(t,y,V,-w)) (5.31) 
j.2 j.3 j.3 —1 t 4 w 2 t 4 

t v _ 1 y _ t y , — , ^ _ f ,, „ ,a 

~ l-t 2 w l-t 3 y 1- ^ 1- A /ylt ' y ' t;J - 

Subtracting the contribution of the untwisted sector from the total index (|5.28| ), we finally 
find 

i tmst = - ^—^ - ^^zt - Mt, y, v) . (5.32) 

In appendix |C| we confirm that this precisely matches with the contribution from the twisted 
multiplets {M 3 , Tr(<j> 2+e - 2+e ) ,£ > 0}, which are the generators of the N = 1 chiral ring 
in the twisted sector. 

5.4 The Index of N = 2 SCQCD and the Extra States 

The single-letter index for M = 2 SCQCD is 

i Q CD(t, y, v; U, V) = f v (t, y, v)(TrU Trtf - 1) + f H (t, y, v)(TrU Tr0 + TrC/t TrV) , (5.33) 

where U an N c x N c matrix and V an Nf x Nf matrix, with Nf = 2N C . We are interested in 
gauge and flavor-singlets, so we integrate over both U and V, 

Iqcd = J [dU][dV]exp (^h QC D{t n ,y n ,v n -U n V n )^ . (5.34) 

For large iV c and Nf with Nf/N c fixed we can again use saddle point, 



1, 



QCD 



e ~^fv(t n ,y n ,v n ) 



n (i _ / y (^ )2 AO) - f 2 H (t n ,y n ,v n ) Z ^ D ' (5 " 35) 

The index that enumerates (generalized) single-trace operators is then 

■Eqcd = - E — log[(l - /V (t n , y n , v n )) - f H (t n , y\v n )} - f v (t, y, v) . (5.36) 

n=l 

Unlike the orbifold theory, there is no nice factorization of the single-letter index and we 
cannot extract the plethystic log explicitly. This is already an indication of a more complicated 
structure than expected. The naive expectation is that all protected generalized single-trace 
multiplets of M = 2 SCQCD are exhausted by the list {M 3 , Tr 4> 2+e , Tr Ttfi , t > 0}, obtained 
by projecting the protected single-trace spectrum of the interpolating theory onto U(Nf) 
singlets. We evaluate the corresponding index in appendix ^ 

i tit 10 t A v 2 (l - — )(1 - tjL ) t 4 

Znatve = . . \. 3 \-t 6 {l--{y+-))- — + ^-(l-t^)] , (5.37) 

(1 - t 3 y)(l - 5-) v y v 1 - t z v v 
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which is different from the correct index ( 5.36|) . Expanding in powers of t, the first discrepancy 
appears at 0(t 13 ). 

To get some insight, let us rewrite the single-trace index of the orbifold theory as 

I^ih, k) = - f; log[(l - f v (t n , y n , v n ))(l - hf v (t n , y n , v n )) 

L — ' L n 

n=l 

-(k(w 2n + 1 + w- 2n ) + l)f H (t n , y n , v n )] - f v (t, y, v) . (5.38) 



We have introduced a variable h that keeps track of the number of SU(Nc) vector multiplets, 
and a variable k associated with the triplet combination of two neighboring SU (2) l indices. 
The index <^M) for N = 2 SCQCD is recovered in the limit (h,k) — ► (0,0). Indeed setting 



(h,k) = (0,0): this amounts to omitting the "second" vector multiplet and to project onto 
U(Nf) singlets, which is equivalent to first projecting onto SU(Nc) singlets (automatically 
done in the interpolating theory) and then contracting all neighboring SU(2)l indices into 
the singlet combination. The grading of gauge-invariant words by powers of h (number of 
letters in the SU(Nc) vector multiplet) makes sense only for g = 0. Similarly, for g ^ only 
the overall SU(2)l spin of a state is a meaningful quantum number, not the specific way 
neighboring SU(2)l indices are contracted. (For example it is clearly possible to construct 
SU(2)l singlets which are not U(Nf) singlets.) At g ^ words with different h or k grading 
will generically mix. 

The origin of the extra protected states is then clear. As g — » 0, a long multiplets of 
the interpolating theory, which obviously does not contribute to 1 m bi may hit the unitarity 
bound and decompose into a sum of short multiplets, some of which are U(Nf) singlets and 
thus belong to J\f = 2 SCQCD, but some of which have instead non-trivial h or k grading. 
Schematically 

limL = ©% !fc )=(o,o) © %,fc)^(o,o) • ( 5 - 39 ) 

The operators {S^f l ,k)=(o,o)} are the extra states. They are protected in J\f = 2 SCQCD 
because they have no partners to recombine with. 

Remarkably the extra protected states are vastly more numerous than the naive list. 
The asymptotic growth of states in the naive list is clearly linear in the conformal dimension 
- the number of states with A < N grows as ~ 2A^, in other terms the density of states 
p(A) is constant. This modest growth is consistent with the fact that the naive single-trace 
index does not "deconfine", i.e. it does not diverge as a function of t = e~ l l T for any finite 
temperature T. The same behavior holds for the orbifold theory or for N = 4 SYM. By 
contrast, the single-trace index of N = 2 SCQCD exhibits Hagedorn behavior. Setting for 
simplicity all other potentials to 1, we encounter a divergence at t = tn such that 

1 - f v (t H , 1, 1) - fUtH, 1, 1) = — » t H 0.897769 . (5.40) 

This implies an exponential growth in the density of states contributing to the index, 

p(E')~ e P HE \ E' = A + j, (3 H = -In t H 9* 0.107842. (5.41) 
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It is interesting to compare this behavior with the density of generic generalized single-trace 
operators of M = 2 SCQCD. The density of generic states, unlike the density of protected 
states, is of course a function of the coupling. For g = 0, it is obtained by calculating the 
phase transition temperature of the complete generalized single-trace partition function (with 
no (-1) F ). We find ~ with (3' H = 1.34254. Not surprisingly, j3 H < P' H . The density 

of protected states, while exponential, grows at a much slower rate than the density of the 
generic states, or at least this is the behavior for small g. 

5.5 Sieve Algorithm 

We would like to list the quantum numbers of the extra protected states, up to the finite 
equivalence class ambiguity intrinsic to the index. There is no closed-form expression for 
Zqq D but we can identity the equivalence classes contributing to it in a systematic expansion 
in powers of t, by implementing a "sieve" algorithm similar in spirit to the one of 7Cj. 
The first discrepancy between Zqqd is the 0(t 13 ) term 

t 13 1 

1QCD ~ Inaive = (u + ~) + • • • (5.42) 

v y 

On the other hand, expanding ( |5.18| ) in powers of t, the lowest term is 

_ t 6+m+2f v f-R iy 2- j + _ + _ (5 43) 



Matching with ( 5.42] ) we determine the equivalence class of the first new protected multiplet 



to be [R,r,j]^_ = [§,2>2ft- Since f = j, this is actually a C multiplet so we rewrite its 
equivalence class as [R, j] L = [2,1ft. Subtracting the whole index of the class from the 
discrepancy we proceed to the next mismatch in the t expansion, and so on. In this way, we 
can systematically construct the equivalence classes of all the extra protected multiplets of 
the SCQCD. The results from X L for first few multiplets are: 

. C multiplets: [2,2,0ft, [2, 3, Oft, [2, 4, Oft, [3,2,0ft, [3, 2,1ft, ... 
. C multiplets: [2, ±ft, [4,1ft, [4, fft, ... 

From the analysis of X R we can write down the right equivalence classes of the protected 
multiplets. Since X R = T L , the list of right equivalence classes is obtained immediately from 
the list of left equivalence classes by the substitutions C — > C and L — > R. 

Protected C multiplets are just conjugates of protected C multiplets. The C multiplets, 
however, appear in both left and right classes, and as we discussed this gives more information. 
For example the C multiplet in [2, ^ft also belongs to [2, |ft and furthermore it is the only 
multiplet with R = R + j + j = 2. The left equivalence class determines j = \ , the right 
equivalence class 3 = \ and both also imply R = R — j — j = 1. This determines the lowest- 
lying extra protected C multiplet to be C 1( -i is. For R = 4, there are two multiplets with 

L \2>2> 

j = 1, | and with same values of j. Two possible Lorentz spins are (1,1), (§,§) or 
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(1, |), (|, 1) but we also know that it is a bosonic multiplet from the subcript +. This picks 
out the pair (1, 1), (|, |) with R = A — 1 — 1 = 2 and R = A — § — | = 1 respectively. This 
determines the next protected C multiplets to be C^i 3^ and C-2{x,x)- ^° summarize, the first 
three protected C multiplets are: 

• C multiplets: C^i i^, C-^3 3y £2(1,1) > • • • 

A striking feature of the extra protected multiplets is that they contain states with higher 
spin, in fact we believe that the sieve will produce arbitrarily high spin. To the best of 
our knowledge this is the first time that higher-spin protected multiplets are found in an 
interacting 4d superconformal field theory. Note that none of the protected states we find 
are higher spin conserved currents, which correspond to the multiplets Co(jJ)- This is not 
surprising: higher spin conserved currents are the hallmark of a free theory, but M = 2 
SCQCD is most definitely an interacting quantum field theory. As in M = 4 SYM [71], 



higher spin conserved currents exist at strictly zero coupling, but they are anomalous and 
recombine into long multiplets at non-zero coupling. 

6. Dual Interpretation of the Protected Spectrum 

As we have repeatedly emphasized, M = 2 SCQCD can be obtained as the gyu — ► limit of a 
family of M = 2 superconformal field theories, which reduces for gyM = 9ym to the M = 2 Z2 
orbifold of J\f = 4 SYM. This latter theory has a familiar dual description has IIB string theory 
on AdSz x S 5 /7^2 Hi so it would seem that to find the dual of M = 2 SCQCD we simply need 
to follow the fate of the bulk string theory under the exactly marginal deformation. Recall 
that at the orbifold point the NSNS -B-field has half-unit period through the blown-down S 2 
of the orbifold singularity, J s2 Bns = 1/2 fF2fl . Taking gyM / 9ym is dual to changing the 
period of -B-field, according to the dictionary || |73|] 

111 . , 

+ To- = 7T— - (6-1) 



9ym 9 YM 27T 9s 

4^ = ^, {>= f B NS . (6.2) 
9ym l ~P Js* 

The catch is that the limit c)ym — > translates on the dual side to the singular limit of 

vanishing B^s and vanishing string coupling g s , and the IIB background AdS^ x S 5 /Z2 

becomes ill-defined. We will study in the next section how to handle this subtle limit. In this 

section we will try to learn about the string dual of N = 2 SCQCD from the "bottom-up", 

collecting the clues offered by the spectrum of protected operators. We start by reviewing 

the well-known bulk-boundary dictionary for the protected states of the orbifold theory. 

6.1 KK interpretation of the orbifold protected specrum 

The untwisted spectrum of the orbifold field theory (summarized in Table , has a transparent 
dual interpretation as the Kaluza-Klein spectrum of IIB supergravity on AdS§ x S 5 /Z,2- It is 
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appropriate to write the metric of 5 5 /Z2 as f] 



7T 



ds s5 / Z2 =da + sin a dip + cos ctds s3 ^ 2 , < *p < 2tt , < a < — . (6-3) 

Momentum on S 1 corresponds to the U(l) r charge r. The SO (4) = SU(2)l <8> SU(2)r 
isometry of the 3-sphere is broken to 50(3)l (8) SU(2)r by the Z2 orbifold, which projects 
out harmonics with jl half-odd. Needless to say, SU(2)r and SO(3)l are interpreted as the 
field theory symmetry groups of the same name, so in particular the right spin jr is identified 
with the quantum number R. Finally the harmonics on the a interval are parametrized 
by an integer n, dual to the power of neutral scalar T (with A = 2) in the schematic 
expressions of the operators in Table ||. It is not difficult to carry an explicit KK expansion 
and confirm that A = |r| + 2R + 2n. A nice shortcut is to consider the KK expansion of the 
ten dimensional dilaton-axion [[HI , since only scalar harmonics on S 5 /1t2 are required. Scalar 
harmonics on S^/7*2 have {jliOr) = (2R,2R) with 2R a non-negative integer. One finds 
A = I j" I + 2R + 2n + 4 |]15[| , as expected from the fact that the KK modes of the dilaton-axion 
are dual to the descendants obtained by acting with Q 4 Q 4 on the superconformal primaries 
of Table H 

The twisted states of the orbifold field theory (shown in Table |^), must map on the 
dual side to twisted closed string states localized at the fixed locus of the orbifold, which is 
AdS% x S 1 , corresponding to a = tt/2 in the parametrization (|fO|) . The massless twisted 
states of IIB on the A\ singularity comprise one massless six-dimensional tensor multiplet, so 
the KK reduction of the tensor multiplet on AdS§ x S 1 must reproduce the protected twisted 
states of the orbifold field theory. It does, as we review in appendix ^ following the analysis 
of [fri|l , to which we add a detailed treatment of the zero modes. We find that the zero modes 
of the tensor multiplet correspond to the multiplet build on the "exceptional state" Tr .M3. 

6.2 Interpretation for N = 2 SCQCD? 

The protected spectrum of N = 2 SCQCD (restricting as usual to flavor singlets, and in the 
large N Veneziano limit) consists of two sectors: the "naive" list of protected primaries (fd.ip 



easily found by a one- loop calculation in the scalar sector [25]; and the many more extra 
"exotic" states found in the analysis of the superconformal index. 

The "naive" spectrum arises from a truncation of the protected spectrum of the inter- 
polating theory (as g — > 0) to U(Nf) singlets. We have discussed in section 2 the reason to 
focus on the flavor-singlet sector: flavor-singlet operators, which necessarily are of "gener- 
alized single-trace type" in the Veneziano limit, are expected to map to single closed string 
states. The restriction to U(Nf) singlets has an interesting geometric interpretation: flavor 
singlets are in particular SU{2)i singlets, and thus they are dual to supergravity states with 
no angular momentum on S 13 /^ in the parametrization (|6.3|). So in performing this restric- 



tion we are "losing" three spatial dimensions. As explained around Q4.ll ), the protected 



primaries of the interpolating theory that are not flavor-singlets can be decomposed in the 
limit g — > as products of "mesonic" operators {Q ++ Q ++ )\ and decoupled scalars of the 
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"second" vector multiplet. The dual interpretation in the bulk is that as g — > KK modes 
on S 3 /1*2 become multi-particle states of open strings. The flavor singlet sector of M = 2 
SCQCD does not "see" the S 3 /^ portion of the geometry. We regard the "loss" of S 3 /l*2 as 
a first hint that the string dual to the singlet sector of N = 2 SCQCD should be a sub-critical 
string background. The S l factor on the other hand is preserved. 

We may also ignore the relation of N = 2 SCQCD with the orbifold theory, and consider 
the protected states (4.1) at face value: they are immediately suggestive of Kaluza-Klein 
reduction on a circle. The dual geometry must contain an AdS§ factor to implement the 
conformal symmetry, and an S l factor to generate the two KK towers dual to {TrT<^> } and 
{Tr0^ +2 }. Moreover the radii of the AdS§ and S 1 factor must be equal. Indeed Kaluza-Klein 
reduction on S 1 gives a mass spectrum m 2 ~ I 2 /R 2 S1 (for I large), and correspondingly a 
conformal dimension A = mR.AdS — I R ^ d ^ ■ Inspection of ( [P| ) gives RacLS = Rs 1 - The 
isometry of S* 1 is interpreted as the U(V) r R-symmetry. On the other hand, there is no hint 
in the protected spectrum ( }4.1| ) of a "geometrically" realized SU(2)r. The relation with the 
interpolating theory makes it clear that indeed the geometric factor S 3 /^, with isometry 
SU{2) R ® SO(3) L , is lost in the limit g -> 0. 

We can further split the "naive" spectrum ( |4.l|) into the primaries {TtA4s, Tr^} and 
the primaries {TrT0 }. The first set, of course, is isomorphic to the twisted states of the 
orbifold, and can be precisely matched with the KK reduction on AdS§ x 5 1 of one tensor 
multiplet of (2, 0) chiral supergravity. A first guess is that the primaries {Tr Tcfr} correspond 
to the KK reduction of the 6d (2,0) gravity multiplet on AdS$ x S , but this is incorrect. 
The zero modes of the 6d gravity multiplet correctly match the stress-energy tensor multiplet 
(whose bottom component is the primary TrT), but there are not enough states in the higher 
KK modes to match the states in the Tr T(f> for i > 0. This could have been anticipated by 
tracing the origin of the states {TrT<//} in the orbifold theory: the dual supergravity states 
have no angular momentum on S 3 /7j2 in the parametrization fl6.3| ), but they are extended in 
the remaining seven dimensions. So a better guess is that the states {TrT^} should have an 
interpretation in seven-dimensional supergravity. 

In summary, with some hindsight, the "naive" spectrum appears to indicate a sub-critical 
string background, with seven "geometric" dimensions, and containing both an AdS§ and an 
S 1 factor, with Ra<is = Rs 1 - 

The extra exotic protected states teach another important lesson. They arise in the limit 
g — > from long multiplets on the interpolating theory that hit the unitarity bound and split 
into short multiplets. In the dual string theory, this means that a fraction of the massive 
closed string states become massless in the limit g — > 0. It is a substantial enough fraction to 
give rise to a Hagedorn degeneracy, as we saw in section 5.4. This has the crucial implication 
that the dual description of J\f = 2 SCQCD is never in terms of supergravity, since even in 
the limit A = g\ M N c — > oo there is an infinite tower of "light" closed string states, with a 
mass of the order of the AdS scale. However it seems plausible to conjecture that there is 
also a second sector of "heavy" string states that decouple for A — » oo. 
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The picture that we have in mind is the following. There are really two 't Hooft couplings 
in the interpolating theory, A = g YM N c and A = gy M N c , and correspondingly two effective 
string tensions T s ~ l/l 2 . and T s ~ l/i s 2 . The idea of two effective string tensions is intuitive 
from the spin chain viewpoint, since the bifundamental fields separate different regions of the 
chain, occupied by adjoint fields of the two different groups SU{N C ) and SU(Nc) and thus 
governed by the two different gauge couplings. At the orbifold point, of course, A = A. In the 
limit in which the unique 't Hooft coupling of the orbifold theory is sent to infinity the string 
length goes to zero in AdS units according to the usual AdS/CFT dictionary RAdS 5 /h ~ A 1 / 4 , 
leading to the decoupling of all massive string states. To approach J\f = 2 SCQCD we are 
interested in what happens as A is kept large, but A is sent to zero. At present we do not 
know how to modify the AdS/CFT dictionary in this limit. The most naive extrapolation 
would suggest a hierarchy between two different scales: there should be one sector of closed 
string states governed by l s ~ X~ 1 ^ a Ra<is and thus very massive, and another governed by 
l s ~ RAdS and thus light. The latter would correspond to the exotic protected states revealed 
by the index. 

7. Brane Constructions and Non-Critical Strings 

The interpolating SCFT has a dual description as IIB on AdS§ x S 15 /^, but this description 
breaks down in the g — > limit that we wish to study. We must describe the theory in a 
different duality frame. We will argue that the correct description is in terms of a non-critical 
superstring background. In this section we reconsider the IIB brane setup leading to the 
interpolating SCFT, and review how it can be T-dualized to a IIA Hanany-Witten setup 
(see e.g. JFf]] for a review). The T-dual frame allows for a more transparent understanding 
of the limit g —* 0, as a double-scaling limit in which two brane NS5 collide while the 
string coupling is sent to zero. In this limit the near-horizon dynamics is described a non- 
critical string background, which (before the backreaction of the D-branes) admits an exact 
worldsheet description as M 5,1 times SL(2)2/U(1), the supersymmetric cigar CFT. We are led 
to identify the near-horizon backreacted background, where D-branes are replaced by flux, 
with the dual of M = 2 SCQCD. 

7.1 Brane Constructions 

The interpolating SCFT arises at the low-energy limit on N c D3 branes sitting at the orb- 
ifold singularity M. 2 x M 4 /Z2. The blow-up modes of the orbifold are set to zero, since they 
correspond to massive deformations of the Ad field theory. The NSNS period (3 is related to 
gYM and gyu by the dictionary (|Q|). As — > the D-strings obtained by wrapping D3 
branes on the blow-down cycle of the orbifold become tensionless and string perturbation 
theory breaks down. It is useful to T-dualize to a IIA Hanany-Witten description, where 
the deformation (5 can be pictured more easily. To perform the T-duality we should first 
replace the A\ singularity R 4 /Z2 with its S 1 compactification, a two-center Taub-NUT space 
of radius R. The local singularity is recovered for R — > oo. 
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Recall, more generally, that the S 1 compactification of the resolved A^-i singularity is 
a fc-center Taub-NUT, a hyperkaler manifold which can be concretely described as an S 1 
fibration of R 3 . Let r be the coordinate of the S 1 fiber and y the coordinates of the M 3 base. 



The S 1 fiber degenerates to zero size at k points on the base, y 



y 



1, . . . k, and goes 



to a finite radius R at the infinity of M 3 . (Topologically the S 1 is non-trivially fibered over the 
S 2 boundary of M 3 , with monopole charge k.) Rotations of the y coordinates are interpreted 
as the SU(2) symmetry that rotates the complex structures. From the viewpoint of the 
worldvolume theory of D3 branes probing the singularity, this is the SU(2)r R-symmetry. 
The geometry has also an extra U(1)l symmetry acting as angular rotation in the S 1 fiber. 15 
(Finally the U(l) r of the Ad gauge theory corresponds to an isometry outside the Taub-NUT, 
namely rotations in the M? factor of M? x R 4 /Z2.) 

The metric of a /c-center Taub-NUT space has 2>{k — 1) non-trivial hyperkahler moduli 
(after setting say if 1 ^ = by an overall translation), which correspond to the blow-up modes 
of the (k, — 1) cycles - one SU(2)r triplet for each cycle. In the string sigma model one needs 
to further specify the periods of B^sns and -Brr on each cycle,which gives two extra real 
moduli for each cycle, singlets under SU(2)r. Altogether the 5 = 3 + 1 + 1 moduli for each 
cycle are the scalar components of a tensor multiplet living in the six transverse directions to 
the Taub-NUT (or ALE) space. T-duality along the f direction yields a string background 
with non-zero NSNS H flux and non-trivial dilaton, which is interpreted as the background 
produced by k NS5 branes [39, 76]. The NS5 branes sit at y™ in the M 3 directions, and are 
localized on the dual circle. 16 The NSNS periods map to the relative angles of the NS5 branes 
on the dual circle. 

Let us apply these rules to our case. We start on the IIB side with the configuration 
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The two-center Taub-NUT TN2 has radius R, vanishing blow-up modes (y^ 1 ^ = y^ 2 ^ = 0) and 
J52 Bnsns = P- T-duality gives the IIA configuration 
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Xl 


X2 


X3 


X 1 


X5 t yi y 2 2/3 


2NS5 


X 
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15 The Ai singularity (k — 2, y a — 0, 7? = 00) has a symmetry enhancement U(1)l — > SO(3)l, whose field 
theory manifestation is the SO(S)l global symmetry of the Z2 orbifold of N = 4 SYM, discussed in section 
3.2. The symmetry is broken to U(1)l for finite 7?; the full SO(3)l is recovered in the infrared. 

16 Naive application of the T-duality rules gives NS5 branes smeared on the dual circle. The localized solution 
arises after taking into account worldsheet instanton corrections J77| . 
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N e D4 

Figure 4: Hanany-Witten setup for the interpolating SCFT (on the left) and for N = 2 
SCQCD (on the right). 



The two NS5 branes, at the origin of M 3 are localized on the dual circle of radius R = ol jR 
and at an angle 2n(3 from each other. The string couplings are related as 

T-duality maps the N c D3 branes on the IIB side (which can also be thought as two stacks 
of fractional branes [ff8[ ) to two stacks of N c D4 branes on the IIA side, each stack ending on 
the two NS5 branes and extended along either arc segment of the r circle (see Figure |j). This 
is the familiar Hanany-Witten setup for the Z2 orbifold field theory. The four-dimensional 
field theory living on the non-compact directions 0123 decouples from the higher dimensional 
and stringy degrees of freedom in the limit 

gA^Q l 8 ^Q, fl^Q, ( 7 . 2 ) 

PR 1 (1 - P)R 1 fi , 
with j— = -= — and j- — = — fixed . 

2irg?l s 9ym ^9?U 9ym 

At this stage we are still keeping both gauge couplings gyu and gyu finite. If L is the 4d 
length scale above which the field theory is a good description, we have the hierarchy of scales 

L>I s >i?= gfh . (7.3) 

Again, rotations in the yi directions correspond to the SU{2)r R-symmetry of the N = 2 Ad 
field theory, while rotations in the 45 plane correspond to the Ad U(l) r symmetry. Finally the 
U(1)l symmetry, which was related to momentum conservation along the 5 1 fiber in the IIB 
setup, is T-dualized to winding symmetry in the Hanany-Witten IIA setup. It gets enhanced 
in the infrared to the SO(3)l symmetry of the Ad field theory. 

7.2 From Hanany-Witten to a Non-Critical Background 

The limit gyu (with gyu fixed) can now be understood more geometrically: it corre- 
sponds to /3 — > 0, the limit of coincident NS5 branes. In this limit we can ignore the periodicity 
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of the r direction and think of two NS5 branes located in M 4 at a distance to = 2ir(3R from 
each other, with tq — > 0. There is a stack of N c D4 branes suspended between the two NS5s 
and two stacks of -/V c semi-infinite D4s, ending on either NS5 brane. As is well-known, k > 2 
coincident NS5 branes generate a string frame background with a strongly coupled near hori- 
zon region - the string coupling blows up down the infinite throat towards the location of the 



branes. The throat region is the CHS background 7£] 



I 5,1 x SU(2) k x R p , with dilaton $ = — j= , (7.4) 

v 2 k 



where p is the radial direction (the NS5 branes are located at p = -co). The supersymmetric 
SU{2)k WZW model describes the angular S 3 ; it arises by combining the bosonic SU {2)^-2 
and three free fermions ipi, i = 1,2,3, which make up an SU (2)2- This description breaks 
down for large negative p where the string coupling e* is large. In Type IIA (our case), we 
must uplift to M-theory to obtain the correct description of the near horizon region strictly 
coincident NS5 branes. However, what we are really interested in is bringing the branes 
together in a controlled fashion, simultaneously turning off the string coupling gf. We can 
break the limit ([7.2[) into two steps: 



(i) We first take the double scaling limit [42, 43] 



, gf -» , -\ = — _i_ fixed , l s fixed. (7.5) 

hgf gefj gp M 



(ii) We then send l s — > 0. 
Let us first consider the purely closed background without the D4 branes. The double-scaling 



limit (i) has been studied in detail in [42, 43], precisely with the motivation of avoiding strong 
coupling. In this limit the region near the location of the NS5 branes decouples from the rest 
of the geometry and is described by a perfectly regular background of non- critical superstring 
theory [^, ^3[. To describe the background as a worldsheet CFT it is useful to perform a 
further T-duality, in an angular direction around the branes. If r = 2/4 is the direction along 
which the branes are separated, we pick say the 7/37/4 plane and perform a T-duality around 
X = arctan 2/3/7/4. The result is the exact IIB background 



t.5,1 



x 5L(2) 2 /C/(1)/Z 2 . (7.6) 



The Z 2 orbifold implements the GSO projection. The Kazama-Susuki coset SL(2)2/U(1) is 
the supersymmetric Euclidean 2d black hole, or supersymmetric cigar, at level k = 2. The 
corresponding sigma-model background is 

ds 2 = dp 2 + tanh 2 (^)d# 2 + dX^dX^ 6-8 + ^- (7.7) 

$ = -lncosh(^), B ab = 0. (7.8) 
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In appendix E we review several properties of this background. An equivalent (mirror) de- 
scription of SL(2)/U(1) is as the M = 2 superLiouville theory flSCf] . The two descriptions are 
manifestly equal in the asymptotic region p — > oo, where they reduce to (S x linear dilaton). 
At large p, the leading perturbation away from the linear dilaton takes a different form in 
the semiclassical cigar and Liouville descriptions, but in the complete quantum description 
both the cigar and Liouville perturbations are present. The cigar description is more appro- 
priate for k —* oo, since in this limit the cigar perturbation dominates at large p over the 
Liouville perturbation, while the Liouville description is more appropriate for k — * 0, where 
the opposite is true. For k = 2 both descriptions are precisely on the same footing - the 
cigar and Liouville perturbations are present with equal strength and are in fact rotated into 



each another by the SU{2)n symmetry [51]. For k = 2 the asymptotic radius of the cigar 
is v2c7, which is the free fermion radius, implying that for large p the angular coordinate 9 
and its superpartner ifig can then be replaced by three free fermions Vi> or equivalently by 
SU (2)2. The cigar background is thus a smoothed out version of the CHS background ( |7.4| ) 
- the negative p region of CHS has been cut-off and the string coupling is now bounded from 
above by its value g e ff at the tip of the cigar. 17 

To summarize, we started from a IIA configuration of two separated NS5 branes in 
flat space, and took the double-scaling limit (|7.5| ). In this limit the near-horizon region 
decouples from the asymptotic flat space region, and is described by the exact non-critical 
IIB background (|7.6|) . (The switch from IIA and IIB is due to the angular T-duality along 
X-) The reduction of degrees of freedom from critical to non-critical strings happens because 
we are focusing on a subsector of the full theory, namely the degrees of freedom near the 
singularity produced by the colliding NS5 branes. The transverse direction p can be thought 
of as a worldsheet RG scale, with the asymptotically flat region at large p playing the role of 
the UV and the cigar geometry playing the role of the IR - in focusing to the near horizon 
region we lose the asymptotic flat space degrees of freedom. In particular, what remains of 
the transverse S 3 is just the "stringy" SU "(2)2 associated with the free fermions ipi, i = 1,2, 3. 

We can easily follow the fate of the D-branes through the double scaling limit and T-- 
duality: the D4 branes suspended between the two NS5s become D3 branes localized at the 
tip of the cigar, while the semi-infinite D4 branes become D5 branes extended on the cigar. 
This at least is the intuitive geometric picture. Since the cigar background has string-size 



17 As an aside, it is worth recalling the generalization of this discussion to k NS5 branes, equally spaced on a 
contractible circle in the 2/31/4 plane. T-duality around the angular coordinate \ produces the background [[|2| 

R 5 ' 1 x (SL(2) k /U(l) x SU(2) k /U(l))/Z k . (7.9) 

The central charges are of the Kazama-Susuki cosets are 

c(SL{2) k /U(l)) = 3 + I , c{SU{2) k /U{l)) = 3 - ~ . (7.10) 



The CFT (7.9) In the semiclassical limit k — *• 00 we have a weakly curved "geometric" 10d background, while 



in the opposite limit k = 2 the curvature is string scale, the SU(2)/U(1) piece disappears and we have the 



"non-critical" string background (7.6) 
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curvature near the tip, a more appropriate description of the D-branes is in terms of the exact 
boundary states. Boundary states for the Kazama-Susuki coset SL(2)/U(1) (equivalently, for 
the superLiouville CFT) have been studied in several papers |82|. 



8|,||, following the 
1 non-critical 



construction of boundary states in bosonic Liouville theory, and used in N 
holography in [ 



34, 



36|. There are indeed natural candidates for the two types of cigar D- 
branes that we need. The branes localized near the tip of the cigar are the analog of Liouville 
ZZ | |S6| | branes, while the branes extended along the cigar are the analog of the Liouville FZZT 
[|S7|, |88[] branes. The non-critical string setup can be summarized by the following diagram: 
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We could have taken this as our starting point. The theory on the worldvolume of the iV c 
D3 branes (the "color" branes) reduces for energies much smaller than the string scale to 
J\f = 2 SU(N C ) SYM, coupled to Nf = 2N C hypermultiplets arising from the open strings 
stretched between the D3s and the "flavor" D5s. This is true by construction, since we 
obtained this non-critical setup as a limit of a well-known brane realization of the same field 
theory, and it could also be checked directly, by examining the open string spectrum and 
preserved supersymmetries. 

To decouple the field theory we need to take l s — > (step (ii) in our previous discussion 
of the field theory limit). This amounts on the gravity side to the near-horizon limit of the 
geometry produced by the D-branes. By the usual arguments [^|, we are led to conjecture 
that the resulting non-critical string background is dual to N = 2 SCQCD. 



8. Towards the String Dual of M = 2 SCQCD 



The explicit construction of the background after the backreaction of the D-branes is left 
for future work. In this section we outline a line of attack, based on a 7d "effective action" 
which we identify as maximal supergravity with 50(4) gauging. In fact several features of the 
background can be determined from symmetry considerations alone, and just assuming that 
a solution exists we will find a nice qualitative agreement with the bottom-up field theory 
analysis, notably in the protected spectrum of operators. 



8.1 Symmetries 

Let us start by recapitulating the symmetries. The obvious bosonic symmetries of the closed 
string background ( |7.6|) (the background before introducing D-branes, henceforth the "cigar 
background") are the Poincare group in M 5,1 and the U(l) isometry of the 6 circle. In fact 
since as p — > oo the 9 circle is at the free fermion radius, there is an asymptotic "stringy" 
enhancement of the U(l) symmetry to SU(2)^. x SU{2)i = 50(4). At finite p the cigar 
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and super-Liouville interactions break this symmetry to the diagonal SU(2). This has a 
clear geometric interpretation in the HW picture (before the angular T x -duality) of the two 
colliding NS5 branes: the SO(A) symmetry is the isometry of the transverse four directions to 
two coincident NS5 branes; separating the branes along one direction (r = 7/4 in the picture 
on the right of Figure 4) breaks the symmetry to SO (3) = SU(2) (rotations of m, i = 1, 2, 3). 
This surviving diagonal SU(2) is interpreted as the SU(2)r R-symmetry of the N = 2 Ad 
gauge theory. Adding the color D3 branes and the flavor D5 branes breaks the 6d Poincare 
symmetry to Ad Poincare symmetry in the directions x m , m = 0, 1, 2, 3, times the rotational 
symmetry in the 45 plane. The latter is interpreted as the U(l) r R-symmetry of the gauge 
theory. Note that the branes preserve the same (diagonal) SU (2) as the cigar and super- 
Liouliville interactions. This is again transparent in the picture of colliding NS5 branes, since 
both the "compact" D4 branes and the "non-compact" D4 branes, which become respectively 
the color D3s and the flavor D5s after T x -duality, are oriented along the same r = 2/4 direction 
in which the two NS5s are separated. Finally we should mention the fermionic symmetries. 
As we review in appendix E, the background ( |7.6| ) has 16 real supercharges, corresponding 
to the (2,0) Poincare superalgebra in R 5,1 . Adding the D-branes breaks the supersymmetry 
in half, so that 8 Poincare supercharges survive (that D3s and D5s break the same half is 
again obvious in the T-dual frame where they are both (parallel) D4 branes). Taking the 
near-horizon geometry is expected to give the usual supersymmetry enhancement, restoring 
a total of 16 supercharges that form the M = A AdS$ superalgebra (isomorphic to the N = 2 
Ad superconformal algebra). 

8.2 The cigar background and Id maximal 50(4)-gauged supergravity 

The cigar background ( |7.6[ ) is analyzed in some detail in appendix E, which the reader is 
invited to read at this point. Let us summarize some of the relevant points. The physical 
spectrum of the cigar background consists of: (i) normalizable states localized at the tip of 
the cigar p ~ 0, living in R 5 ' 1 : they fill a tensor multiplet of (2,0) 6d supersymmetry; (ii) 
delta-function normalizable states, corresponding to plane waves in the radial p direction; 
(hi) non-normalizable vertex operators, supported in the large p region. 

We are only interested in the cigar background as an intermediate step towards the 
background dual to N = 2 SCQCD, obtained in the near-horizon limit of the D3/D5 brane 
configuration. A possible strategy is to use the cigar background, which admits an exact CFT 
description, to derive a spacetime "effective action" . The spacetime action is expected to be 
background independent and should admit as classical solutions both the cigar background and 
the background dual to M = 2 SCQCD. (In this respect, the cigar background is analogous 
to the lOd flat background of IIB string theory, which is described at low energies by lOd 
IIB supergravity; another solution of IIB supergravity is the AdS§ x S 5 background dual 
to N = A SYM.) For the purpose of deriving an "effective action" the relevant part of the 
spectrum is (ii), the continuum of plane- wave states. Performing a KK reduction on the 
circle, the plane-wave states are naturally organized in a tower of increasing 7d mass (which 
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gets contribution both from the 9 momentum and from string oscillators). There is is no real 
separation of scales between the lowest mass level and the higher ones, because the linear 
dilaton has string-size gradient. Nevertheless the states belonging to lowest level are special: 
although they obey "massive" 7d wave-equations, this is an artifact of the linear dilaton; the 
counting of degrees of freedom is that of massless 7d states because of gauge invariances. 

Remarkably, we find that for large p the lowest-mass level of the continuum spectrum 
is described by seven dimensional maximally supersymmetric supergravity (32 supercharges), 
but with a non-standard gauging: only an 50(4) of the full SO (5) R-symmetry is gauged. 



This supergravity has been constructed only quite recently [89, |90[. The maximal super- 



symmetry (which, as we shall see momentarily, is spontaneously broken to half-maximal, 
consistently with our previous counting) can be understood as follows. After fermionizing the 
angular coordinate 9, we have a total of ten left-moving fermions, ipn,, p = . . . 5 along M 5 ' 1 , 
ijjp and ipi, z = 1,2,3 (the last three corresponding to 89, ipg), and similarly ten right-moving 
fermions. So the construction of the lowest-level physical states of our sub-critical theory 
is entirely isomorphic to the construction of the massless states of the standard critical IIB 
string theory, except of course that the momenta are now seven dimensional. The 50(4) 
that is being gauged is the asymptotic SU(2)^. x SU{2)^ = SO (4) that we have mentioned. 
It turns out that unlike the standard 50(5)-gauged 7d sugra, which admits the maximally 
supersymmetric AdSj vacuum, the 50(4)-gauged theory breaks half of the supersymmetry 
spontaneously. The scalar potential of the 50(4)-gauged theory does not admit a stationary 
solution but only a domain wall solution [jg"s| , pcj ], which is nothing but the linear dilaton back- 
ground, with 16 unbroken supercharges - the 6d (2, 0) super-Poincare invariance discussed 
earlier. 

Incidentally, we believe that this is a general phenomenon: non-critical superstrings in 
various dimensions must admit (non-standard) gauged super gravities as their spacetime "ef- 
fective actions", in the sense that we have discussed. It may be worth to explore this connec- 
tion systematically. 



8.3 An Ansatz 

We expect the <SO(4)-gauged 7d sugra that describes the "massless" fields to be a useful tool, 
though not a perfect one because we know that the higher levels are not truly decoupled. 
The next step is to look for a solution of this supergravity with all the expected symmetries. 
In the seven dimensional theory the SU (2)r symmetry is not realized geometrically - its last 
remnant was the (string-size) 9 circle, over which we have KK reduced to get down to 7d. On 
the other hand, the U(l) r symmetry is geometric, and conformal symmetry is expected to 
arise in the near-horizon geometry, which must then contain both an S 1 and an AdS§ factor. 
The most general ansatz for the 7d metric with the expected isometries is 

ds 2 = f(y)ds 2 AdS5 + g(y)d^ 2 + C{y)dy 2 . (8.1) 

Here ip is the angular coordinate of the S 1 associated to U(l) r isometry, while the y has range 
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in a finite interval, say y £ [0,1]. Restoring the 6 coordinate, the non-critical background 
would have the form 



ds 2 = f(y)ds 2 AdS5 + g(y)dip 2 + h(y)d6 2 + C(y)dy 2 
Comparing with the brane setup, which is again 
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we identify ip is angular coordinate in the 45 plane, while y could be taken to be a relative 
angle between the radial distance in the 45 plane and the radial distance p along the cigar, 
y = - arctan(/o/ \[x\ + x 2 ). The D5 branes sit at y = 1. 

The program is then to look for a solution (|8.l[) of the S'0(4)-gauged 7d supergravity, 
possibly allowing for singular behavior at the original location y = 1 of the flavor branes. 
For fixed N c and Nt(= 2N C ), we expect a one-parameter family of solutions, because the 't 
Hooft coupling A is exactly marginal - the AdS scale should be a modulus, as in the familiar 
AdS$ x case. The color (D3) branes are magnetically charged under the RR one-form 
' (see Table 18) and the flavor branes (which are actually D4 branes from the viewpoint 
in the 7d theory) are magnetically charged under the RR zero-form C^ 2,2 \ The corresponding 
fluxes will be turned on in the solution. As usual the color branes will be completely replaced 
by flux. Our analysis of the large N Veneziano limit suggests that new effective closed string 
degrees of freedom, dual to "generalized single-trace" operators, arise from the resummation 
of open string perturbation theory. This favors the scenario in which also the flavor branes 
are completely replaced by flux. This fundamental issue would be illuminated by an explicit 
solution. 

The program of finding a supergravity background for N = 2 SCQCD was also discussed 



in critical IIB supergravity [91] and in lid supergravity [ 13 1 , but no explicit solutions are 
yet known. It would be interesting to understand the relation of these approaches with our 
sub-critical setup. In particular a somewhat singular limit of solutions found in should 
correspond to J\f = 2 SCQCD, and it would be nice to understand this in detail. 



8.4 Spectrum 

Already at this stage we can recognize that the top-down (string theory) and bottom-up (field 
theory) analyses are in qualitative agreement. Both suggest that the string dual of N = 2 
SCQCD is a sub-critical background with an AdS§ and an S 1 factor. In the field theory 
protected spectrum we found a sharp difference between the U(l) r and SU{2)r factors of the 
R-symmetry group: there are towers of states with increasing U(l) r , but no analogous towers 
for SU(2)r. The brane construction confirms the natural interpretation of this fact: while the 
U(l) r is realized geometrically as the isometry of a "large" S^, with its towers of KK modes, 
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the SU(2)r is associated to the string-sized S@ of the cigar (and in fact the very enhancement 
from the isometry £7(1) C SU(2)r to the full SU(2)r is a stringy phenomenon). The 
"naive" part of the protected spectrum nicely matches: 

(i) The multiplets built on the primaries {Tr A4s , TV (f> 2+i } correspond to the KK modes on 

of the 6d tensor multiplet (see appendix D): these are the truly normalizable states 
of the cigar background, localized at the tip of the cigar (y = in the parametrization 

(ii) The multiplets built on {TrT^} correspond to the KK modes on Sh of the bulk 7d 
«S'0(4)-gauged supergravity: this is the lowest level of the plane- wave spectrum of the 
cigar background. While we have not performed a detailed KK reduction, for which the 
precise geometry is required, it is clear that the bulk graviton maps to the stress tensor, 
which is part of the TrT multiplet, and that the £-th KK mode of the graviton maps 
to the unique spin 2 state in the TrT<^/ multiplet. Supersymmetry should do the rest. 

The "extra" protected states of the field theory must correspond to light string states in the 
bulk, with mass of order of the AdS scale, but we do not know how to establish a more precise 
dictionary at this point. We have suggested in section 6 that the string theory dual to N = 2 
SCQCD may contain two sectors of string states, in correspondence with the two effective 
string scales l s and l s of the interpolating theory: a light sector, controlled by l s ~ Ra<is 
for all A, and a heavy sector, controlled by l s <C RacLS for A > 1. The string length of 
the cigar background should be identified with l s , so the massive string states of the cigar 
background would correspond to the heavy sector and decouple for large A. The light sector is 
more mysterious. A tantalizing speculation is that the light states correspond to cohomology 
classes with non- normalizable N = 2 Liouville dressing, i.e. supported at large p (operators 
of type (iii) in the list of section E.4). It is clearly possible to tune the p-momentum to achieve 
"massless" six-dimensional states, at the expense of making them non-normalizable in the p 
direction. Perhaps the extra protected states of J\f = 2 SCQCD are somewhat analogous to 
the discrete states of the c = 1 matrix model, which are indeed dual to vertex operators with 
non-normalizable Liouville dressing. 18 

If indeed l s <C RAdS f° r large A, the Id supergravity, while not capturing the whole theory 
even in this limit (as we know from the existence of the extra protected states), may still offer 
a useful description of a subsector. 

9. Discussion 

We may now look back to section 1, at the list of special features shared by all Ad CFTs for 
which an explicit string dual is presently known. We have studied in some detail perhaps the 

18 Alternatively, our idea of two effective string scales may be wrong, and the unique scale l s may be of the 
order of Ra<is for all A. In this case all anomalous dimensions would remain small for large A. The extra 
protected states would be special only in that their anomalous dimension is exactly zero for all A. This is 
certainly a logical possibility. 
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most symmetric theory that violates property (i) (since a ^ c at large N) and property (ii) 
(since it has a large number of fields in the fundamental representation), while still satisfying 
the nice simplifying feature (iv) of an exactly marginal coupling A. We have argued that 
the dual string theory is not ten dimensional, thus violating (iii), and proposed a sub-critical 
string dual in eight dimensions (including the string-size 6). The theory emerges as a limit 
of a family of superconformal field theories that have a = c and admit ten dimensional string 
duals. In this singular limit some fields decouple on the field theory side, leading to a / c, 
while on the string side two dimensions are lost (counting 9 as a dimension). It is tempting 
to link the two phenomena. The natural speculation is that the 4d gauge theories in the 
ll J\f = 4 universality class" (which among other things are characterized by a = c) have lOd 
string dual, while theories with "genuinely" fewer supersymmetries have sub-critical duals. 
A plausible pattern for (susy — dimension) is (M — d) = (4 — 10), (2 — 8), (1 — 6), (0 — 5). 
We have given evidence for the N = 2 <-> d = 8 connection, while |32], |33|, focused on 
M = 1 d = 6. 

Our example is in harmony with the no-go theorem that a = c for all field theories with 
an AdS§ gravity dual, since we argued that even for large A the supergravity approximation 
to the dual of N = 2 SCQCD cannot be entirely valid. The imbalance between a and c 
must arise from higher-curvature terms in the AdS§ gravity theory |9^]. We believe that 
the stringy origin of these higher curvature terms is the Wess-Zumino action of the flavor 



branes, as in the example studied in |93| , 94]: the flavor Wess-Zumino terms were shown to 
generate 1Z 2 corrections to the 5d Einstein-Hillbert action, contributing at order 0(Nf/N c ) 



to a — c. In the example of [93, ^J] Nf <C N c , while in our case Nf ~ N c and a — c = 0(1), 
but the mechanism must be the same. It is important to keep in mind that the higher- 
curvature terms from the WZ action are topological in nature and are on a different footing 
from the higher-curvature corrections due to the closed string sigma-model loops, which are 
instead suppressed by powers of I s /RacLS- So there is no contradiction in principle between 
our suggestion that for large A the non-critical background has a string length l s <C RacISi 
and the fact that a — c = 0(1), since a — c arises from the higher-curvature terms coming 
from the WZ action, since they are not suppressed. 

It is worth pointing out a simple relation between our M = 2 story and the M = 1 story 



of [32, 33, [3(J], if we specialize their setup to J\f = 1 super QCD with Nf = 2N C , the Seiberg 
self-dual theory. This theory can be viewed as the g — > limit of a family of M = 1 SCFTs 
with product gauge-group SU (N c ) x SU (N £ ); when the couplings are equal the family reduces 
to the Klebanov-Witten theory ||, which is dual to AdS^ x T 1,1 . This is entirely analogous 
to the relation between J\f = 2 SCQCD and the Z2 orbifold of M = 4 SYM, and of course 
this is not a coincidence: the two-parameter family of J\f = 1 theories is obtained from the 
two-parameter family of N = 2 theories flowing in the IR by a relevant deformation. For 
g = g, this is the well-known RG flow from the Z2 orbifold to the KW theory triggered by 
Tr(</> 2 — <j) 2 ) ||. Unlike the M = 2 family, for M = 1 the couplings are bounded from below 
and the family of J\f = 1 SCFTs is never weakly coupled. The exactly marginal coupling 
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of the self-dual jV = 1 super QCD is the coefficient of a quartic superpotential - it cannot 
be taken arbitrarily small but it can be taken arbitrarily large. Our analysis of appendix E 
should easily generalize to this case, to find the gauged supergravity describing the lightest 
modes of the continuum spectrum. Only an isolated supergravity solution exists |3^] (for 
arbitrary Nf ~ N c ), but in the special case Nf = 2N C a one-parameter family of solutions 
is expected. This is also confirmed by the vanishing of the dilaton tadpole when Nf = 2N C 
[ |36| ] . It would be nice to understand this point better. 

Clearly there are many open questions. The bottom-up analysis would be greatly en- 
hanced if we could determine the large A behavior of generic non-protected operators. This 
may eventually be possible if N = 2 SCQCD exhibits an all-loop integrable structure. In 
our companion spin-chain paper [25| we find a preliminary hint of one-loop integrability. In 



the top-down approach, work is in progress to verify whether the ansatz (8T) is indeed a 
solution of the 50(4)-gauged supergravity. It will be interesting to understand its physical 
implications, especially the role of the warping factors and their possible singularity at y = 1. 

Ultimately an accurate description of the string dual will require the full non-critical 
sigma-model in RR background. It would be very interesting to start with the sigma-model 
for AdS^ x S' 5 /Z2, which can be quantized either in the generalized light-cone gauge or in the 
pure-spinor formalism, and understand the transition to a non-critical sigma-model in the 
g — * limit. This may well be the simplest instance of such a transition - we should learn 
the rules of the game in this highly symmetric example. 
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A. Shortening Conditions of the N =2 Superconformal Algebra 

A generic long multiplet A^ r ^ j, of the N = 2 superconformal algebra is generated by the 
action of the 8 Poincare supercharges Q and Q on a superconformal primary, which by 
definition is annihilated by all conformal supercharges S. If some combination of the Q's also 
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Table 8: Shortening conditions and short multiplets for the N = 2 superconformal algebra 



annihilates the primary, the corresponding multiplet is shorter and the conformal dimensions 
of all its members are protected against quantum corrections. A comprehensive list of the 
possible shortening conditions for the M = 2 superconformal algebra was given in ||| . Their 
findings are summarized in Table ||. We take a moment to explain the notation. 19 The state 
|12, f)h^{ is the highest weight state with SU(2)r spin 12 > 0, U(l) r charge r, which can have 
either sign, and Lorentz quantum numbers (J,j)- The multiplet built on this state is denoted 
as ^R, r (j,j)j where the letter X characterizes the shortening condition. The left column of 
Table || labels the condition. A superscript on the label corresponds to the index T = 1,2 of 
the supercharge that kills the primary: or example B 1 refers to Q*. Similarly a "bar" on the 
label refers to the conjugate condition: for example B 2 corresponds to Q 2 a annihilating the 
state; this would result in the short anti-chiral multiplet Br^^o); obeying A = 212 — r. Note 

19 We follow the conventions of j(33|, except that we have introduced the labels X>, T, T and Q to denote 
some shortening conditions that were left nameless in EJ. 



- 46 - 



that conjugation reverses the signs of r, j and j in the expression of the conformal dimension. 



We refer to [63] for more details. 



B. M = 1 Chiral Ring 

An important subset of the protected operators of a supersymmetry theory are the operators 
in the chiral ring. Chiral operators, by definition, are annihilated by the supercharge of one 
chirality, Q a , and thus obey a i3-type shortening condition. (If the theory has extended 
supersymmetry we focus on an J\f = 1 subalgebra.) The product of two chiral operators 
is again chiral. Chiral operators are normally considered modulo Q°-exact operators. The 
chiral cohomology classes can be specified by a set of generators and relations, which are easy 
to determine at weak (infinitesimal but non-zero) coupling. At higher orders the relations 



may get corrected, but the basic counting of chiral states is not expected to change |95| , 36 1. 

Let us first consider the case of pure M = 2 SYM with gauge group SU(N C ). Under 
an M = 1 subalgebra the field content is decomposed as a chiral superfield $ and a vector 
superfield W a , both in the adjoint representation of the gauge group.. A generic chiral 
operator of the theory in the adjoint representation of the gauge group obeys 

\W a ,O}=[0*,D a& O} . (B.l) 

Substituting O = $ and O = Wp we see that, modulo Q exact terms, W a (anti-)commutes 
with <I> and Wr respectively. Using these relations we can narrow down the single-trace chiral 
operators to 

Tr $fe+2 j Tr$ k+1 W a , Tv$ k e al3 W a W(3, for k > . (B.2) 

We have listed one representative from each cohomology class. For finite N c the operators are 
further related by trace relations. In the large N c limit of N = 2 supersymmetric Yang Mills, 
( p.2| ) is the complete and unconstrained list of single-trace chiral operators. Taking products 
we generate the whole chiral ring. In J\f = 2 language the chiral operators are assembled in 
a single supermultiplet for each k, the multiplet with primary Trcj) k+2 . 

To obtain N = 2 SCQCD we add Nj fundamental hypermultiplets, equivalent to Nj 
fundamental chiral multiplets £1 and Nf antifundamental chiral multiplets 0, with the N = 2 
invariant superpotential O^l}. There are no chiral operators containing both W a and 
because is Q exact. Generally, in a theory with superpotential, further relations are 

imposed by the equations of motion 

d A W(A i )=D & D & A => d A W(Ai) c , r . = 0, (B.3) 

where {A{\ is the set of chiral superfields. The subscript c.r. denotes that the relation is 
valid in the chiral ring. In our case this implies that operators containing both <I> and are 
constrained by the equations of motion 

$£} = 0, m = and a & b - -^5%Q C & c = . (B.4) 
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These relations set to zero all generalized single-trace operators 20 containing 0, except for 
TV £20. When expressed in SU (2)# covariant fashion, this operator corresponds to the J\f = 2 
super confer mal primary TrM^. Note that for gauge group U(N C ) instead of SU(N C ) the third 
relation gets modified to a j0* & = implying that even Tr 00 is absent from the chiral 
ring. (For U(N C ) we would have to also add the operator Tr$ to the list ( |B.2|) ). All in all, 
consideration of the chiral ring for N = 2 SCQCD has led to identify the following protected 
N = 2 super conformal primaries: 

TrMs, Tr/ +2 , £>0. (B.5) 

Note that the multiplets {TrT<^}, as well as the extra exotic protected states discussed in 



section |5.4| , are not part of the chiral ring. 

It is straightforward to repeat this exercise for the Z2 orbifold of N = 4 SYM. In J\f = 1 
language the field content of the orbifold theory consists of vector multiplets ($,Wa) and 
(<&, W a ), in the adjoint representation of SU(N C ) and SU(Nc) respectively. They are coupled 
to bifundamental chiral multiplets (0^,0^) through the superpotential iF^Qj- + Qj&Q 1 . 
Here I, J are SU(2)l indices. At large N c , the chiral ring of the orbifold is generated by 
the operators ( |B.2| ), by a second copy of flB.2|) with &,W a — ► &,W a corresponding to the 
two vector multiplets, and by single-trace operators involving the fields from hypermultiplets. 
The latter obey following constraints due to the superpotential: 

0% = -$0 f , $0 i = -0 ± $ (B.6) 

0f a& & b - aQ ii c = 0, ia a 0| j - ^-<5f Q ie a 0| a = 

Using the first two equivalence relations we could always choose a class representative that 
doesn't contain any Then the relations in the second line allow for highest SU(2)l spin 
chiral operators of schematic form Tr (QQ)^ 1 <& k . This operator is in the untwisted sector as 
it is invariant under quantum Z2 symmetry of the orbifold upto Q a exact terms. As before, 
the chiral ring of the SU(N C ) theory (as opposed to U(N C )), also contains the "exceptional" 
operator Tr(00)i L , which belongs to the twisted sector. Assembling these M = 1 chiral 
multiplets into full N = 2 multiplets, we find the following list of M = 2 superconformal 
primaries: 

Tr(^+ 2 + ^+ 2 ), TriMjg^), (B.7) 
Tr (ct) k+2 - 4> k+2 ) , Tr A4 3r i l , for k > 0, £ > . (B.8) 

The primaries in the first line belong to the untwisted sector and the primaries in the second 
line belong to the twisted sector. We know from inheritance from J\f = 4 SYM that in the 
untwisted sector there are additional protected operators (see section |4.1.1[) . On the other 
hand, in the twisted sector this is plausibly the complete list, as confirmed by the calculation 
of the superconformal index in appendix 



3 In the flavor non-singlet sector they also allow for 
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As we move away from the orbifold point by taking g ^ g, the calculation of the chiral 
ring is almost unchanged, we only need to perform the substitutions <£, W a — > k&, kW , with 
k = g/g that take into account the deformation of the superpotential. The quantum numbers 
of the chiral operators remain unchanged. 

C. The Index of Some Short multiplets 

In this appendix we calculate the index of various short multiplets. A first goal is to determine 
the index of the set { B\, £^(0,0) > ^ > 2 } (the multiplets found by the analysis of the chiral 
ring in the twisted sector of the orbifold) , and show that it agrees with (|5.32| ) . A second goal 
is to calculate I n aive > the index of the "naive" protected spectrum (fOj) of M = 2 SCQCD. 

C.l £Wq,o) multiplet 

The chiral multiplet <?£(o,o) @] is defined to be the multiplet that descends from the operator 
with R = 0, that is annihilated by both Q} and Q 2 . The shortening condition is A = I. We 
have arranged the operator content of the multiplet in the array below. We represent the 
action of the supercharge Q to the left and Q to the right. As £^(0,0) ^ s annihilated by Qs, it 
only extends to the right. 
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0(0,0) 




i+\ 






£ + 1 




0(0,1); 1(0,0) 


£ + 1 
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This multiplet contributes only to the left index I L . The operators with 5 L = are underlined 
and their contribution to the index is listed in table ^. 
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£ + 1 


1(0,0) 


t U+2 v l-2 



Table 9: Operators with 5 L = in 5^(0,0) 
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For I > 1, we sum the contribution of the operators from the above table and divide it 
by the contribution (l — i 3 y) (l — t 3 ^" 1 ) from the derivatives, 



1 



1=2 



£(0,0) 



(l-1?y)(l-1?y-l) 
iVfl 



-J2t 2e v e (l-t\-\y + y-i)+t\- 



1=2 

_L)(i _ M) 



(1 - t 2 v) (1 - t 3 y) (1 - t 3 y- r ) 
The conjugate multiplet £-e(o,o) contributes exactly the same but to T R . 

C.2 Bi multiplet 

Next we consider the nonchiral multiplet B\ |33|, with the shortenning condition that the 
highest weight state is anihilated by Q 2 ,Qi- This shortening condition requires r = 0, 
j = j = and A = 2 for the highest weight state. 



A 








2 




1(0,0) 




5 
2 


5(1,0) 


2(0,|) 




3 


°(0,0) 


(l^) 


0(o,o) 


7 
2 








4 




-0(o,o) 




r 


1 1 

1 2 


-i 


-1 



(C.2) 



The operator —0(0,0) at A = 4 stands for an equation of motion - the negative sign in front of 
it means that its contribution to the index (partition function in general) has to be subtracted. 
We have underlined the operators with 5 L = and their contribution to T L is listed in table 

m. 



A 


R U,j) 


l L (t,y,v) 


2 


1(0,0) 


V 


5 
2 


Mio) 


-t 6 



Table 10: Operators with 5 L = in B\ 



Summing the individual contributions and dividing with the contribution from the deriva- 
tives, we get the index for this multiplet as, 



i 4 (1 - t 2 v) 



t,(l-t3y)(l-t3y-l)- 



(C.3) 
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C.3 Co(o,o) multiplet 

The stress tensor, supercurrents and R-symmetry currents of the N = 2 theory are part of 
this multiplet. Its shortening condition C is explained in table |8|. The operator content of 
this multiplet is displayed in the array below. 



A 

2 






0(o,o) 






5 
2 




1 




1 

2 (°>2j 




3 


"(1,0) 




(5.2)' ihv 






7 
2 




V ' 2 / 




V 2 ' / 




4 






0(i,D 
-0(0,0), _1 (o,o) 






9 
2 




~5(|,o) 




~2(0,|) 




10 












r 


1 


l 

2 





1 
2 


-1 



The operators with negative signs stand for equations of motion as before. We have underlined 
the operators with 5 L = and their contribution is listed in the table below. Summing the 



A 


R m 


J L (t,y,?;) 


5 
2 


5(i,o) 


-i 6 


3 


0(i,o) 




3 


1(1 1) 




7 
2 


5 (1.*) 


-t 9 {y + l) 



Table 11: Operators with 5 L = in Cq(o,o) 



- 51 - 



contributions, we get the left index of this multiplet to be 



Z\ =- t \l-vt 2 )(l--(y + -)). (C.5) 

t -(o,o) v y 



Being a nonchiral multipet, it contributes the same to the right index as well. 
C.4 C^( ,o) multiplet, I > 1 

This multiplet obeys the shortening condition T = C\ n C2. The operator content of Q(o,o) is 
displayed below. 

A 



+ 2 



+ 1 



i + l 



+ 4 



+ 1 



+ 5 



0(o,o) 



Hi ) 3(o,|) 



°(i,Q) ^M)' ^!) ( o,i) , l(o,o) 



1 113 1 



2 



(Li) 2(1,1). 2(1,0)' 2(1,0) 2(0,|; 



0(1,1), l^o) Oq i) , l(i i) 0(o,o) 



2(1,0) 



0(i,o) 



£ + 1 £ + | £ e-i t-% £-2 

The operators with 5 L = are underlined as usual. Table ^ lists their contribution to I L . 
Summing the contribution to the left index from C^(o,o) with £ > 1 we get, 

00 + T +10 

£^ ( o,o) = "^(! " ^X 1 - -(V + -)) - V ■ (C - 6) 

1=1 y 
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A 


R UJ) 


l h (t,y,v) 


£+1 


2(1,0) 


_ t e+2e v e 


£ + 3 


0(i,o) 


t 8+2£ v £+l 


£ + 3 


1(1 1) 

V 2 ' 2 I 




£ + 1 


2(1,1) 


-t 9+2 V(y + i) 


£+1 


2(1,0) 


_ t 8+2e v e-2 


£ + A 


1 (1,0) 


t W+2£ v £-l 



Table 12: Operators with S L = in C^(o,o) 



C.5 The Itwist of the orbifold and 2 na i V e of SCQCD 

The protected operators in the twisted sector of the orbifold are listed in Table ||]. The 
conjugates, which contribute to Z L , are of the type: 

Bi, E im for £>2. (C.7) 

So we get, 

oo 

Itwist = % + 2^(0,0) ( C - 8 ) 

11 ' J + 1 V (C.9) 



u (1 - i 3 y) (1 - tV 1 ) (l-Ajtl-t^fl-tV 1 ) 

r^k-r^-r^T-M'.v.»)- (cio) 



This precisely matches with ( 5.32| ), confirming the protected operators in the twisted sector 



of the orbifold. Let us now compute the I n aive of SCQCD that follows from the preliminary 



list I4JJ of protected operators. Their conjugates, which contribute to I , are of the type: 

Bi, ^+2(o,o)> C 0| q, Q+i(o,o) f° r £>0. (Cll) 



The J nn i« fl then is 



1 b 1 + J2 Xe m°) +2 "c ,o + Yl Ic mo) ( C - 12 ) 

£=2 1=1 

-t%l — -(y + -)) — — + ^ 2(1 7f (1 ^ ) + £(l - t 2 ,) 
(l-t 3 y)(l-£) ' 
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D. KK Reduction of the Qd Tensor Multiplet on AdS 5 x S 1 



In this appendix we discuss the Kaluza-Klein reduction of the 6d tensor multiplet on AdS§ x 
S l , and its matching with the twisted spectrum of the orbifold theory. 

The tensor multiplet of maximal chiral supersymmetry in six dimensions (we will refer 
to it as (2,0) susy) has the following field content 



B 



hi/ 



(D.l) 



The indices 3, & are the USp{4) indices which is the R-symmetry group of the chiral super- 
gravity. The spinors A^ are in the 4 (complex) representation of USp(A) and the scalars 
j n 5 (real) representation. The A^ are Weyl, symplectic Majorana spinors. The 
symplectic Majorana condition is a psuedo-reality condition, A3 = fi^A^, where f2 is the 
symplectic form. 

Consider now the background AdS§ x S 1 . The natural embedding of the SU(2)r x U(l) r 
R-symmetry of the M = 4 AdS$ superalgebra (or equivalently of the J\f = 2 Ad superconformal 
algebra) into USp(4) is 



(D.2) 





( SU{2) R x 


U(l) r 


\ 




V 




su(2) R x u{i); J 


The five scalars decompose 


as 








> 


+ $ + $ 


5 


— 3 


+ i_i + i+i, 



(D.3) 



where the subscripts denote U (l) r charges. The spinors decompose as two (conjugate) SU(2)r 
doublets, with opposite U(l) r charges r 



-2" 



We are interested in the Kaluza-Klein reduction of the tensor multiplet on the S . We 
borrow the results of [74] (see also f9(|), where all the KK modes with non-zero momentum 
were matched with the multiplets {<?2+£(o,o) ^ — 0}> corresponding to the twisted primaries 
{Ticj) 2+e - Tr(j) £+2 } of the orbifold theory. We will add the zero modes to the analysis of |74| ]. 

Let us indeed start with the zero modes on S . The bosonic zero modes comprise the 
following AdSs fields [74|: a complex scalar with m 2 = — 3 (in AdS units) 21 ; a triplet of 
scalars with m 2 = —4; a massless two form B^, or equivalently a massless gauge field 



Arh- The massless two-form Br, 



arises from the 6d anti-selfdual two-form B^ v when both 



indices are taken to be along AdS^, while the gauge field A^ arises from B^ u when one index 



21 The complex scalar $ corresponds to the k 
Family 3 of jr^j . We have just relabeled them as 



-1 real scalar in Family 2 and the k 
modes. 



1 real scalar in 
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is taken to be along AdS$ and the other along S . Because of the anti-selfduality of B~, 
the two possibilities are not independent: 5„n and are dual to each other as 5d fields, 
and we must pick one or the other. This ambiguity translates into two alternative ways to fit 
the zero modes into supermultiplets of the N = 2 Ad superconformal algebra. Let us look at 
them in turn: 

• Choosing B^h- 

The massless two-form B^h is dual to a boundary two-form operator F' mn of dimension 
A = 2. We claim that the full supermultiplet of boundary operators is {</>' , , F' mn D'^}, 
which is the the familiar off-shell J\f = 2 vector multiplet (or J\f = 2 "super singleton" 
multiplet). Here (f)' is a complex scalar with r = ±1 and A = 1, dual to the bulk 
scalar of m 2 = —3. The mass of is in the range that allows both the A + and 



the A_ quantization schemes [37, 98 1, and supersymmetry forces the choice of A_ = 
2 — y/m 2 + 4 = 1. Since <f>' saturates the unitarity bound, it must be a free scalar field. 
We recognize F' mn as the Maxwell field strength and D^, i = 1, 2, 3, which form SU(2)ji 
triplet with A = 2 and are dual to the bulk fields 4> l , as the auxiliary fields. Finally 
\'a are the free fermionic fields with A = |. The AdS/CFT relation for spin \ fields is 
usually quoted as A = 2 + |m|, but this is evidently a case where we must pick instead 
A_ = 2 — |m|, with m = \. We are not aware of an explicit discussion of the A± 
quantization ambiguity for spinors, but it must be there because of supersymmetry. 
(Incidentally, similar issues arise in the familiar IIB on AdS§ x S 5 background if one 
looks at the zero modes, which can be organized in the M = A super singleton multiplet. 
Again both the scalars in the 6 of SU (A) and the spinors in the 4 must be quantized in 
the A_ scheme.) 

Choosing A^. 

The boundary dual to A,^ is a conserved current J m (A = 3). In this case we claim that 
supersymmetry forces the usual A + quantization scheme for $ and A^. It is easy to 
check that the zero modes can be precisely organized into the B\ multiplet (summarized 
in O). 



The two possibilities have a nice physical interpretation. The first alternative corresponds 
to keeping the £7(1) degree of freedom in the twisted sector (this is the "relative" U{\) in 
the product gauge recall the discussion after equ.( |3.9[) ) - in other terms we should identify 
4>' = Tr(0 — (j)). The second possibility corresponds instead to removing the relative £7(1). 
Then clearly the multiplet built on Tr(<^> — </>) is lost, but as we have emphasized in section 



4.1.2| and appendix B, an additional protected multiplet appears, the B\ multiplet built on 
the primary Tr The AdS/CFT dictionary handles this subtle ambiguity in a very elegant 
way. For our purposes, the second alternative is the relevant one, since we must remove the 
relative £7(1) in order to have a truly conformal field theory. 



The matching of the higher Kaluza-Klein modes was discussed in [74|, we summarize the 



results in Table 13 
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Field Theory 


Gravity 


Operator 


U(l) r 


A 


Mass 


Field 


Tr[^ n+1 ] - Tr[0 n+1 ] 


n + l 


n + l 


(n + l)(n-3) 




Tv[F4> n ] - Tr[Fcj> n } 


n 


n + 2 


n 2 




TrfAA^™^ 1 ] - Tr[AA^ n_1 ] 


n 


n + 2 


n 2 - 4 




Tx[F 2 4) n ~ l ] - TrfF 2 ^- 1 ] 


n — 1 


n + 3 


(n - l)(n + 3) 





Table 13: Matching of the positive KK modes (n > 1) [74j] . The negative KK modes (n < — 1) 
correspond to the conjugate operators. 



E. The Cigar Background and 7d Gauged Sugra 

This appendix collects some facts about the non-critical string theory obtained in the double- 
scaling limit of two colliding NS branes g|, H, namely IIB on M 5 ' 1 x SL(2) 2 /U(1). We 
start by reviewing well-known results, see e.g. ||, gl], ||, ||, H, (H g P, and then 
make a new claim about a space-time "effective action" description. We are going to argue 
that the "lighest" delta-function normalizable modes in the continuum are described by a 7d 
maximally supersymmetric supergravity with non-standard gauging, recently constructed in 

E.l Preliminaries and Worldsheet Symmetries 

A class of "non-critical" supersymmetric string backgrounds can defined in the RNS formalism 
by taking the tensor product of R* -1,1 with the Kazama Suzuki supercoset 5L2(M)fc/C/(l). 
The R^ -1 ' 1 part is described as usual by d free bosons and d free fermions ip^. The 
coset SL2(JH)k/U(l) has a sigma- model description with target space the "cigar" background 
(setting a' = 2) 

ds 2 = dp 2 + tznh 2 Ad8 2 p>0 6-6+^- (E.l) 
with vanishing B field and dilaton varying as 

$ = -lncosh(^). (E.2) 

The level k of the coset is related to the parameter Q as k = 2/Q 2 . The central charge is 

c cig = 3 + - = 3 + 3Q 2 . (E.3) 

Adding the usual superconformal ghost system {b , c , (5 , 7} of central charge -15 and requiring 



cancellation of the total conformal anomaly, one finds Q = y ^(8 — d). In the asymptotic 
region p — > 00 the cigar becomes a cylinder of radius ^, with the dilaton varying linearly 
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with p, and the theory is thus a free CFT. We will soon restrict to the d = 6 case, implying 
c-dg = 6, Q = 1 and k = 2. 

For generic level fc the Kazama-Susuki coset SL(2)k/U(l) has (2,2) supersymmetry. In 
the asymptotic linear-dilaton region the holomorphic currents of J\f = 2 susy take the form 



r ci g = -^{d P y - -{dey - -(VvSVp + - if>Q y (e.4) 

J cig = - + iQdO = idH + iQdO = idcj) (E.5) 



G c % = -(W ± #«)0(p T i0) + 2^(^p ± , (E.6) 

with analogous expressions for the anti-holomorphic currents. For k = 2, which is the case 
of interest for us, worldsheet supersymmetry is enhanced to (4,4). This is the generic en- 
hancement of worldsheet susy from M = 2 to N = 4 that takes place when c = 6. Indeed 
for this value of the central charge the currents J* ig = {e ± ^ ,7ci g , J c i g }, i = ±,3, generate a 
left-moving SU(2) current algebra, the R subalgebra of the left-moving N = 4 worldsheet 
super confer mal algebra. The two extra odd currents dr. are generated in the OPE of G~- 

Clg Clg 

with J* ig . Similarly for the right-movers. In the full cigar background the wordsheet super- 
conformal currents have more complicated expressions but the theory still has exact (2, 2) 
susy, enhanced to (4, 4) for k = 2. 

In the free linear dilaton theory, idO and idH defined in (E.5) are separately holomorphic, 
but only their linear combination J c j g is holomorphic in the full cigar background. This reflects 
the non-conservation of winding around the cigar (strings can unwrap at the tip). Momentum 
P d around the cigar is still conserved, and there is a corresponding Noether current with 
both holomorphic and anti-holomorphic components, which asymptotically takes the form 
^(idd ,id9). For k = 2, the field 9 is asymptotically at the free fermion radius. Thus in 
the linear dilaton theory the left-moving susy U(l) generated by {idO is enhanced to a 
left-moving SU (2)2 current algebra, which can be represented by three free fermions ipi, with 
■03 = tpQ and ip± = e^ ld . To avoid confusions with other SU (2) symmetries will refer to this 
algebra as SU{2)^ i . Similarly in the right-moving sector we have the analogous SU{2)^_. In 
the full cigar background the SU(2)^ i and SU{2)^_ current algebras are not symmetries, and 
only a global diagonal SU(2) survives, whose Cartan generator is the momentum P e . This is 
interpreted as the SU{2)r spacetime R-symmetry. 

E.2 Cigar Vertex Operators 

To characterize the primary vertex operators of the cigar it is sufficient to give their asymp- 
totic form in the linear-dilaton region. While the exact expressions are more complicated, 
their quantum numbers (including conformal dimensions) remain the same and can thus be 
evaluated in the asymptotic region. Splitting the vertex operators in left-moving and right- 
moving parts, we have the asymptotic left-moving expressions 

V NS _ iQmO Qjp 
j,m c c 

V* m = e ±^e iQme e Qjp (E.7) 



-57- 



and the asymptotic anti-holomorphic expressions 

f/NS _ -iQrhO Qjp 
v j,m ° c 

V j % = e k ^e~ iQAS e Qjp . (E.8) 

Left-moving and right-moving terms can be glued together provided they have the same value 
of the quantum number j. We will sometimes re-express j in terms of p, the momentum in 
the radial direction, as 

J = (E.9) 

The quantum numbers m and fh are related to the integer winding uu and the integer mo- 
mentum n in the angular direction of the cylinder as 

m = — (n + wk) rh = — — {n — wk) . (E.10) 

Recall however that winding is not a conserved quantum number in the cigar background. 
Conformal dimensions of the primary operators ( |E.7 . E.8| ) are 

ns _ m 2 + 1) 



A- 



3,m 

m 2 + 1) 



k 



aR±= l_ + (m±\) 2 -j{j + l) 



3,m g k 

ar± = i , (^T|) 2 -i(i + i) 

— A im r> ' 



3,m g k 



E.3 Spacetime Supersymmetry 

From now on we restrict to the case of interest, d = 6. The RNS vertex operators for M 5 ' 1 
are familiar. To describe the Ramond sector, we bosonize the fermions in the usual fashion, 

±Vo + ipi = e ±lf>0 
V> 2 ± iifa = e ±i01 
^4 ± #5 = e^ 2 

Spinors of R 5 ' 1 are then written 

V a = e |( ,: O0O+«<:i</>i+je202) (E.ll) 

with e a = ±1. With these notations at hand, the BRST invariant vertex operators for the 
spacetime supercharges for the IIB theory read 

Sa = e~^ 2 e + ^V+ S a = e-v/ 2 e~W+ 
S a = e-^ 2 e +1 ^V+ § a = e-^ 2 e-^V+ 
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where (p is the usual chiral boson arising in the bosonization of the /?7 system. We use a 
bar to denote conjugation, and a tilde to distinguish the right-movers. By V~f we mean the 
positive chirality spinor, i.e. we impose 606162 = 1. Choosing the same chirality in the left 
and right-moving sectors is the statement of the type IIB GSO projection. The supercharges 
obey the supersymmetry algebra 

{S a ,S /3 } = 2 1 ^ {S a ,S (3 } = 2 1 ^P,, (E.12) 

where P^ is the momentum in Mr' . Thus the theory has (2,0) supersymmetry in the six 
Minkowski directions. Note that 

[P e ,S a (S a )} = ^S a (S a ), [P e ,S a (§ a )] = ~S a (S a ), (E.13) 

confirming the interpretation of P 9 as a spacetime R-symmetry. 

Physical vertex operators are constrained to be local with the spacetime supercharges. 
Locality implies the GSO condition 

m + F L G 2Z + 1 (NS) 
m + F L G 27L (R) 

where Fl is the left-moving worldsheet fermion number. The analogous condition holds for 
the right-movers. In the asymptotic region we may fermionize the field 6 into ip^ 1 . Then 
the quantum number m, instead of denoting left-moving momentum in the 9 direction, gets 
re-interpreted as ip^ fermion number. Denoting by F' L = Fl + m the new total left-moving 
fermion number, the GSO projection becomes simply 

F' L G 2Z + 1 (NS) 
F' L G 2Z (R) 

and analogously for the right-movers. 

E.4 Spectrum: generalities 

The physical spectrum of the theory comprises: 

(i) A discrete set of truly normalizable states, localized at the tip of the cigar, 
(j < -Q/2) 

(ii) A continuum of delta-function normalizable states, corresponding to incoming and out- 
going waves in the p direction. 

(j = -Q/2 -MM, i.e. peR) 

(iii) Non-normalizable vertex operators, supported in the asymptotic large p region. 
(j > -Q/2) 
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States of type (i) live in M 5 ' 1 at p ~ and they fill in a massless tensor multiplet of the 6d 
(2, 0) super symmetry. More precisely they are: 

NSNS: four scalars, in the 3 + 1 of SU(2) R ; 

RR: one scalar and one anti-selfdual antisymmetric tensor, both SU(2)r singlets; 

RNS: one left-handed Weyl spinor, which can be thought of an SU (2)r doublet of left-handed 
Majorana-Weyl spinors; 

NSR: same as RNS. 



See [99] for a detailed analysis. 

In the rest of this appendix we will focus on the states of type (ii). These are the 
states relevant for the determination of a spacetime "effective action" for the non-critical 
string. Recall that our philosophy is to use the R 5,1 x cigar background as an intermediate 
step towards the AdS background dual to M = 2 SCQCD. Both backgrounds should arise 
as solutions of the same non-critical string field theory. We would like to use the cigar 
background, for which we have a solvable worldsheet CFT, to derive an "effective action" 
description. The "effective action" is expected to be background independent and should 
admit both the cigar background and the AdS background as different classical solutions. 
We will restrict to the lowest level in a "Kaluza-Klein expansion" on the cigar circle (to be 
defined more precisely below). The states will then propagate in seven dimensions, R 5,1 times 
the radial direction p. Because of the linear dilaton, they obey massive field equations in 7d, 
but they are in another sense "massless" - they are closely related to the massless states of the 
critical IIB lOd theory and possess the gauge invariances expected for massless 7d fields. We 
should emphasize from the outset that the linear dilaton varies with a string-scale gradient, so 
there is no real separation of scales between the "massless" level that we are keeping and the 
higher levels. This is why we are using "effective action" in quotation marks. Nevertheless 
the distinction between the lowest level obeying massless gauge-invariances and the higher 
genuinely massive levels is a meaningful one, and we still expect such an "effective action" to 
contain useful information. Remarkably, we will see that it is a 7d gauged supergravity with 
non-standard gauging. 

Finally we should mention the operators of type (hi). They have an interesting holo- 
graphic interpretation as "off-shell" observables of little string theory, which "lives" on the 
M 5 ' 1 boundary at p = oo. However we are not interested in the cigar background per se and 
we are after a different incarnation of holography, so it is not immediately clear what the 
significance of these operators is for our story. In analogy with c = 1 non-critical string, 
our non-critical superstring background is expected to possess a rich spectrum of "discrete 
states", with Liouville dressing of type (hi). A closely related phenomenon is the existence 
of a chiral ring, which has been demonstrated in |100[| (see also [101]). This infinite tower of 



discrete states may be related to the exotic extra protected states of J\f = 2 SCQCD. 
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E.5 Delta-function normalizable states: the lowest mass level 

We are now going to exhibit in detail the physical states of type (ii) at the lowest mass level. 
We first organize the states according their symmetries in the asymptotic linear dilaton region, 
and later discuss the symmetry breaking induced by the cigar interaction. The asymptotic 
cylinder is at free-fermion radius, and we wish to work covariantly in the enhanced SU (2)^ x 
SU(2)^. symmetry. 

After fermionizing 9 into we have in total ten worldsheet fermions: ipa, fi = 0, . . . 5 
associated with M 5,1 , tp p associated to the radial direction and tpi, i = 3, ± associated to the 
stringy circle. It is then clear from outset that the lowest mass level of our theory will be 
formally similar to the massless spectrum of lOd critical IIB string theory, but of course the 
states will propagate only in the seven dimensions = (x p ,p). 

E.5.1 NS sector 

In the left-moving NS sector the lowest states are the three 7d scalars 

^ NS = V^e" VV fc ' x , (E.14) 

in a triplet of SU(2)^., and the 7d vector 

V A NS = ^e - W*"* , (E.15) 

where /t = p, , p. The mass-shell condition Lq = 1 gives, for both the scalar and the vector, 

\k 2 -±j(j + 1) = 0, (E.16) 

which using j = — 1/2 + ip we may write as 

-k 2 -p 2 = k 2 -k 2 -p 2 = i. (E.17) 

Because of the linear dilaton, the wave equations appear to be "massive" with m 2 = ^. 
Introducing a polarization vector = (e^e p ), the superconformal invariance condition 
Gie^V^ s = gives a modified transversality equation for the vector 22 

k-e- + l)e p = . (E.18) 

A short calculation shows that the polarization 

e = k and e p = — \/— Tj (E.19) 

corresponds to a null state. Thus despite the mass term in the wave equation, V^ s the 7-2 
= 5 physical degrees of freedom of a massless 7d vector. 

22 Apologies for the \J— 1, but here the symbol i would look confusing next to the momentum j. 
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The theory is super-Poincare invariant in M 5,1 , and we may label the states in terms of 6d 
quantum numbers. In assigning 6d Lorentz quantum numbers, we may focus for convenience 
on the states with radial momentum p = ^, which obey a massless 6d wave-equation (see 



E.17Q . We can then label them according to the 6d little group 50(4) = SU(2) x 577(2). It 
must kept in mind that this is just a notational device, since the states are really part of a 
7d continuum with arbitrary real p. We use the notation \j\ ,j2) 2I+1 for a state with spins 
(ji ; J2) under the 6d little group, and in the 27 + 1-dimensional representation of 577(2)^. 
All in all, in this 6d notation we may summarize the lowest NS states as 

||, i) 1 © JO, 0) 1 © |0, 0> 3 . (E.20) 

E.5.2 R sector 

The construction of vertex operators in the Ramond sector proceeds just as in to the familiar 
critical (lOd) case, except of course that momenta are only seven-dimensional, 

yR = e -<p/2 e i( eo <h+ei<h.+^<h^9+eaH) e 3P^P-X ^ e^x^^H = 1 , (E.21) 

which we may write as 

Vatp,*)^^ e jp , Vaip^e^-V jo . (E.22) 

Here and Vl/a are 6d pseudo-real (Majorana-Weyl) spinors, respectively left-handed and 
right-handed. Choosing the 7d momentum as p = \ the spinors obey a massless 6d wave 
equation, but as above we should keep in mind that they are really part of 7d continuum. 
For each chirality we have an 577(2) doublet of 6d Majorana-Weyl spinors (equivalently, one 
complex Weyl spinor) so in "massless 6d notation" we write the spectrum as 

l|,0> 2 © |0, |) 2 . (E.23) 

In 7d the wave-equation looks "massive" , but the counting of degrees of freedom is again the 
one for massless states. 

E.5.3 Gluing 



Table 14-17 show the result of gluing the left- and right-moving sectors. In the first column 



of each table we list the (m,rh) quantum numbers, recall ( E.10 ). In the second and third 
columns the Lorentz quantum numbers are specified in the the 6d "massless" notation, that 
is we label states by their spins (ji, j'2) of the little group 50(4) = 577(2)i x 577 (2)2. The su- 
perscripts 27+1 and 27 + 1 in the second column denote the dimensions of the representations 
under SU(2)^. and SU(2) t , respectively (the superscript is omitted for singlets). Finally the 
superscript 2R + 1 in the third column denotes the dimension of the 577(2)# representation, 
with SU{2)r defined as the diagonal combination of SU(2)^. and SU{2)^ which is preserved 
by the cigar interaction. 
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({m},{m}) 




h,h) 2I+1 ®\h,32) 2i+1 


Decomposition: \ji,j2) 2R+1 


6d Fields 


({0},{0}) 




1 ±\ (5?> li I\ 

2 5 2 / ^ 1 2 ' 2 / 


|i, 1) e |i,o) e |o, 1) e |o,o) 


Gfiv, B^ u , (ft 




3,3}® |0,0) 


II IN 
1 2 ' 2 ' 






0,0)® |i, i> 


ii i\ 

1 2 ' 2 / 


% 




0,0) © |0,0) 


|0,0) 


P 


({±1,0}, {0}) 




0,0) 3 ®||,±> 


ll 1\3 
1 2 ' 2/ 






0,0) 3 ® |0,0) 


|0,0) 3 


P 3 


({0},{±1,0}) 




|0,0) 3 


ll 1\3 
1 2 ' 2 / 


V s 




0,0) © |0,0) 3 


|0,0) 3 


P 3 


({±1,0}, {±1,0}) 




0,0) 3 © |0,0) 3 


|0,0) 5 © |0,0) 3 © |0,0) 


T 5 ,T 3 ,T 



Table 14: Field Content in NSNS sector. 



({m},{rh}) 


\h,h) 2I+1 ®\h,j2) 2i+1 


Decomposition: \ji,j2) 2R+1 


6d Fields 


({0},{0}) 


lio) 2 ©|i,o) 2 


|l,0) 3 ffi|l,0)ffi|0,0) 3 ffi|0,0) 


43+ 4+ 43 4 


({±1},{0}) 


|0,±) 2 ©|±,0) 2 


I 1 1 \ 3 ffi I 1 1 \ 

1 2 ' 2 / TO 1 2 ' 2 / 


4 3 4 


({0},{±1}) 


lio) 2 ©|o,i) 2 


ll I\3 ffi ll I\ 
1 2 ' 2 / w 1 2 ' 2 / 


/X' M 


({±1},{±1» 


|o,i) 2 ©|o,±) 2 


|o,i) 3 ©|o,i)©|o,o) 3 ©|o,o) 


43™ 4- 4/3 4/ 
^/Xi/ 5 ^/XZ/ J A t A 



Table 15: Field Content in RR sector 



({m},{m}) 


\h,32) 2I+1 ®\h,32) 2 ~ I+1 


Decomposition: \ji,j2) 2R+1 


6d Fields 


({0},W) 


li±)©lio) 2 


|1,^) 2 ©|0,2) 2 


/ia' a 


|0,0) © |i,0) 2 


lio) 2 


^2 


({±1,0}, {0}) 


|0,0) 3 © |±,0) 2 


|I,0) 4 ffi|±,0) 2 


\T/ 4 \I/2 

ck ' a 


(W,{±1}) 


|i, i> ^> |0, i> 2 


|±,i) 2 ©|±,o) 2 


^2 ^2 


|0,0)© |0,i) 2 


lO,,) 2 


^2 

a 


({±1,0},{±1}) 


|0,0) 3 ©|0,±) 2 


|0,i) 4 ©|0,i) 2 





Table 16: Field Content in NSR sector 



It is interesting to organize the spectrum according to massless supermultiplets of 6d 
supersymmetry (again, we may pretend that the states are massless in 6d by focussing on the 
value p = rj of the momentum along p). Massless supermultiplets are constructed by taking 
the direct product of a primary 

\ji,32) 2R+1 with a set K of raising operators. For (2, 0) susy 
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({m},{m}) 


\h,h) 2I+x ®\h,h) 2i+l 


Decomposition: ]2) 2R+1 


6d Fields 


({0},{0}) 


lio) 2 ®|i,i) 


|i,i) 2 ©|o,±) 2 


*2. ^2 


|±,0) 2 «>|0,0) 
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t£2 ^2 
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^2 
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|±,0) 2 ®|0,0) 3 
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^4 ^2 


({±1},{±1,0}) 


|0,±) 2 ® |0,0) 3 
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tlr 4 $2 



Table 17: Field Content in RNS sector 



in six dimensions, 



11 = (1, 0) + 2(-, 0) 2 + (0, 0) 3 + 2(0, 0) (E.24) 



For example the graviton multiplet is obtained acting with 1Z on the primary |0, 1), while the 
tensor multiplet is obtained starting with the primary |0, 0). The complete field content of 
(the lowest level of) the cigar theory is obtained by action of 1Z on the set of primaries, 

|0, 1) + 2|0, ^) 2 + |0, 0) 3 + 2|0, 0) (E.25) 



Comparison with (E.24) suggests us that there are two other hidden supercharges at work, of 



opposite chirality, namely (0,2), which relate the primaries of all the (2,0) supermultiplets. 
In other words, we might conclude that we have obtained the maximally supersymmetric 
non-chiral (2, 2) supergravity in six dimensions. This is correct as the counting of states with 
7d momentum V = \ g° es > but the right-handed supersymmetries are broken by interactions. 
Nevertheless this is a useful hint: we should regard the effective theory for the lowest level 
as a spontaneously broken version of a maximally supersymmetric theory. And since the Id 
momentum can be arbitrary, the candidate theory before symmetry breaking is maximally 
supersymmetry se^en-dimensional supergravity. 

E.6 Maximal 7d Supergravity with SO(A) Gauging 



To pursue this hint, in Table |18| we have organized the lowest level of the linear-dilaton theory 
(before turning on the cigar interaction) according to 7c? quantum numbers. The little group 
in 7d is 50(5) = USp(4) and we label USp{4) representations by their dimension. In the 
linear dilaton theory the full SU{2), l p i (g) SU{2)^ = SO(4) is unbroken and we label states 
with superscripts (2/ + 1, 21 + 1) indicating the representation dimensions of the two SU (2)s. 
Remarkably, the resulting spectrum is precisely the field content of maximal 7d supergravity 



with SO (4) gauging, a theory that has been fully constructed only quite recently j89|, |90J . 



The massless vector ^ 3,1 ) + ( 1,3 ) are the SO(4) gauge fields. On the other hand the vectors C| 
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Sector 




US P (4)) 2I+1 ® \US P (4)) 2i+1 


Decomposition: | USp{4)) (2M-l,2/+l) 


7d Fields 
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Table 18: Seven-dimensional labeling of the spectrum of the linear-dilaton theory 



are eaten by the two forms C|-, which become massive through a vectorial Higgs mechanism 

MM- 

Recall that the standard gauging of maximal 7d sugra is of the full SO (5) R-symmetry 
- this is the famous supergravity that arises by consistent truncation of lie? supergravity 
compactified on 5 4 and that admits a maximally super symmetric AdSj vacuum. By con- 
trast, the scalar potential of the SO (4) theory does not allow for a stationary solution, but 
only for a domain wall solution |89|, |90|, that is, our linear-dilaton background. A closely 
related interpretation of the 50(4) gauged supergravity was given in 1 102 ] (before its explicit 
construction!) as the effective Id supergravity arising from a "warped compactification" of 
IIB supergravity on the near-horizon NS5 brane background M 5,1 x linear dilaton x5 3 . 

The cigar background is obtained by further turning on a "tachyon" perturbation, a 
profile for the NSNS scalar fields T^ 3 ' 3 ) that decays for large p and acts as a wall for p ~ 
0. Note that the scalars are in the symmetric traceless tensor of 50(4), and choosing a 
vev for them breaks 50(4) — ► 50(3) = SU(2)r, the diagonal combination of SU{2)^ 1 x 
5t/(2)r, as expected. In the IIA set-up of colliding NS5 branes, this breaking corresponds 
to choosing an angular direction in the transverse 5 3 to the coincident NS5 brane - the 
direction along which the branes are separated (we called it r in Figure |j). Under the 
preserved diagonal SU(2)r, the nine NSNS scalars T^ 3 ' 3 ) decompose as 5 + 3 + 1. The 1 
and the 3 are associated to moduli, corresponding respectively (in the T-dual picture) to the 
radial and angular separations of the two NS5 branes; together with an extra 5t7(2)#-singlet 
scalar from the RR sector they comprise the five scalars of the 6d tensor multiplet localized 
at the tip of the cigar. 

In the application of the 50 (4)-gauged Id supergravity to our problem of finding the 
dual N = 2 SCQCD, we are not interested in turning on a background for the NSNS scalars, 
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but rather for the RR fields corresponding to N c D3 branes and Nf D5 branes. D3 branes are 

(2 2) 

magnetically charged unde the RR one-form ' and D5 branes are magnetically charged 
under the RR zero- form C^ 2 ' 2 \ As the superscripts indicate both of the RR one-form and 
zero- form transform as vectors of SO (4). It is possible to choose a common direction in 
SO (A) space for both forms, so that again we break 50(4) -> £0(3) °* SU{2) R . This is 
again consistent with the IIA Hanany-Witten picture. Separating the NS5 branes in breaks 
SO (4) to 50(3), and it is clear that both the compact and the non-compact Z)4-branes are 
extended in the same direction along which the NS5 branes are separated, so that their fluxes 
are oriented coherently in 50(4) space. The surviving 50(3) = SU(2)r is interpreted as the 
SU(2)r R-symmetry of the M = 2 gauge theory. 
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